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Chapter 1

Welcome

Hello, this document complements the reading of the Before Ma-
chine Learning Volume 2 - Calculus. The book is structured with
practical exercises followed by correspondent solutions. We also have
coding exercises on a selection of chapters. The solutions for these
bad boys come in jupyter notebooks that are in the same location
as this document.

Feel free to do whatever you wish with this content, and if you
are taking suggestions, please start by drawing a moustache on that
bee.

Before letting you dive into the exercises, I would like to list the
Python libraries I used:

e numpy

e matplotlib
That’s it!

www.mldepot.co.uk


www.mldepot.co.uk

Chapter 2

Limits

2.1 Rules of Limits:

1. Constant Rule:

lime=c¢
Tr—a
where ¢ is a constant.
2. Identity Rule:
limz =a
r—a

3. Sum Rule:

lim(f(x) + g(x)] = lim f(z) + lim ()

Tr—a

4. Difference Rule:
lim[f(2) — g(a)] = lim f(2) — lim g(x)

r—a r—a r—a
5. Product Rule:

lim[f(z) - g(x)] = lim f(z) - lim g(z)

Tr—a Tr—a Tr—a
6. Quotient Rule:

. flz)  limg, f(2)
M (@)~ T g(2)

provided lim,_,, g(z) # 0.



2.2. Practical Exercises:

7. Power Rule:
lim[f(z)]" = [lim f(z)]"

T—a Tr—a

where n is a positive integer.

i §/707 = i 7

provided the values are in the domain of the function.

8. Root Rule:

9. Composite Rule (Chain Rule): If lim, ,,g(z) = b and
lim, , f(y) = ¢, then

lim f(g(z)) = ¢

Tr—a

Now the exercises.

2.2 Practical Exercises:
Compute the following limits:

L. lim, 32z +1) :

2. lim, 21
3. lim, (32 — 22 + 1) :

2_
4. limg 3 2= 9 :

. 1 .
5. hmx_>2 21 -

: 241
6. lim,_, 1 pro o

vr+4—2

T

7.1ﬂnm%0



Chapter 2. Limits

2.3 Solutions Practical Exercises:

l. lim,,3(2¢ 4+ 1) :

The function is continuous at z = 3, so we can directly sub-
stitute x = 3 into the expression to find the limit.

lim(2zx + 1) =2limx + lim 1

z—3 rz—3 z—3
=2-3+1
— 641
=7
2. lim,_p T2 :

Factor the numerator and simplify to get lim,_,o (‘T_i)# Af-

ter canceling x — 2 from the numerator and the denominator,
we can directly substitute x = 2 into the remaining expression
to find the limit.
2
—4 2)(x — 2
lim ‘ = lim (z+2)( )
=2 L — 2 T—2 ({II — 2)

= il_}H%(SU +2)

= lim x + lim 2
r—2 r—2

=242
—4

3. limg_,;(3x* — 2z + 1) :

The function is continuous at x = 1, hence, we can directly
substitute x = 1 into the expression to find the limit.

lim (32" — 2z + 1) = 3lim2” — 2lim z + lim 1

z—1 z—1 z—1 z—1
=3(1)* —2(1) + 1
=3-2+1
=42
=2



2.3. Solutions Practical Exercises:

x2—-9 .

x—3

Factor the numerator and simplify to get lim,. .3 % Af-

ter canceling x — 3 from the numerator and the denominator,
we can directly substitute x = 3 into the remaining expression
to find the limit.

2 _

lim x 9 i (x+3)(x —3)
=3 r —3 x—3 x—3

= ilig(erS)

= limz + lim 3

r—3 r—3
=3+3
=6

1

. llmm_>2 224 -

First, let’s factor the denominator to see if it simplifies: 22 —

4=(r-2)(z+2).
Notice that at z = 2, the denominator becomes zero, which
makes the whole fraction undefined at this point.

As x approaches 2 from both the left and the right, the denom-
inator approaches 0, making the fraction grow without bound.
Therefore, the limit does not exist.

Thus, lim,_,» ﬁ does not exist.

341 .
r242x+1 °

Factor both the numerator and the denominator:

. limm_>_1
Numerator:
P4+ l=(x+1)(2* —x+1)
Denominator:
42+ 1=(x+1)(z+1) = (x+1)

Given these factorization, the expression can be simplified:

, 341 o (z+ D (2P —2+1)
lim —— = lim
=122 420 +1 ool (x+1)2



Chapter 2. Limits

After canceling z+1 from the numerator and the denominator,
the expression becomes:

P —x+1
lim ———
r——-1 x+1

Now, substituting x = —1:

2 _ 1) — (—
lim & a:+1:( 1) —(=1)+1
v—-1  x+1 —1+1

1+1+1
0

However, this results in a division by zero, indicating that the
limit does not exist at x = —1.

. z3+1 :
Thus, lim, 1 — ot does not exist.

VzFd—2 |

xr

7. limg_,g

This form produces an indeterminate of the form % when z = 0.
To address this, we can multiply the numerator and denomi-
nator by the conjugate of the numerator:

. vVer+4—2 Jr+44+2
11m .
x—0 X vVr+44+2

Expanding, we get:

lim

x
=0 x(vx + 4+ 2)

Now, the x in the numerator and denominator cancel out:

1
lim

10 \/7 + 4 + 2

By substituting x = 0, we get:

1 1 1

1
=0 /r+4+2 i4+2 2+2 4

10



2.3. Solutions Practical Exercises:

So,
. Ve+4—-2 1
llmw_m Y — 1

11



Chapter 3

Derivatives

3.1 Derivative Rules:

Constant Function:

d
—lc| =0
L]
where ¢ is a constant.
e Power Rule:

d [ n] 7’L$n_1

—\x —

dx

Sum /Difference Rule: If f and g are differentiable, then
d
(@) £g(2)] = (@) £ 4'(2)
Product Rule:

i) g(a)] = f'(@) - glx) + F(2) - o (2)

Quotient Rule:
AHOIPRILE L o8 L
dx [g(x)]2

9(@)
Chain Rule: If we have a composite function, g(f(z)), the
derivative is:

d

lo(f(@)] =g (f(@)) - ['(2)



3.1. Derivative Rules:

3.1.1 Derivatives of Exponential and
Logarithmic Functions:

o Fora>0,a# 1, L[a’] = a”In(a)

. der) = e

o Lin(z)] =1, forz>0

o Fora>0,a+#1, Llog,(z)] = =, for >0

zln(a)’

3.1.2 Trigonometric Functions Derivatives:

e Trigonometric Functions:

d

—x[sin(a:)] = cos(x)
d :

%[cos(x)] = —sin(x)
%[tan(x)] = sec?(z)

e Inverse Trigonometric Functions:

*farccos(z)] = ————;

—[arccos(x)] = —

dx are 1 — 12
d 1
%[arctan(x)] =15

e Hyperbolic Functions:

d . .
%[smh(a:)] = cosh(x)

d :
%[cosh(x)] = sinh(x)
d 2
%[tanh(x)] = sech”(x)

13



Chapter 3. Derivatives

3.2 Practical Exercises:

Find the derivative of:

3.2.1 Easy
1. f(z)=7
2. f(z) =5z
3. f(z) =2
4 f(z) =z
5. f(x) = e
6. f(x) = In(x)
7. f(x) = sin(x)
8. f(x) = cos(x)
9. f(z) = tan(z)
10. f(z) = 4"
11. f(x) = logs(x)
12. f(z) = sec(x)
13. f(z) = csc(x)
14. f(z) = cot(z)
15. f(z) = arcsin(z)
16. f(z) = arccos(z)
17. f(z) = arctan()
18. f(z) = sinh(z)

14



3.2. Practical Exercises:

19. f(z) = cosh(x)
20. f(z) = tanh(z)

21. f(z) = 2% +4x

22. f(z) =32 —bx® +2x — 7
23. f(x) =e*

24. f(z) = In(3z)

25. f(x) = sin(2z)

26. f(x) = cos(3z)

27. f(z) = tan(4z)

28. f(z) = sec(5x)

29. f(x) = csc(6z)

30. f(z) = cot(7x)

1. f(x) =sin(x) - In(z)

2. f(x) = e . cos(2x)

3. f(2) = 5

4. f(z) = tan(z) - e

5. f(z) =In(a® + 1)

6. f(x) = a? - cos(z)

7. flz) =2

8. f(z) = sec(z) + tan(x)
9. f(z) =2 In(z)



Chapter 3. Derivatives

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

f(z) = 2 - sin(3x)
f(x) = tan(In(z))
fla) = 3

f(z) = V/z - In(x)
f(@) = sin*(z) - In(x)
f(z) =

f(z) = In(sec(z) + tan(z))
f(z) = a* - cos?(x)
f(z) = L arctan(z)
fl@) =z e

f(z) = sin(z) - cos(x)
f(x) =1In(z) - cos(x)
f(z) = e* - tan(x)

f(x) = cos(z) - In(sin(z))

16



3.2. Practical Exercises:

3.2.3 Hard:

2. f(z) = sin(2?) - e’
3. f(z) =tan(x - ")
4. f(z) = In(2? + *)
5. f(z) ="

6. f(x) =1In(z) - cos(x)
7. f(z) =z -e”

8. f(x) =@

9. f(x) = arctan(a?)
10. f(x) = xzeil

(z)
(z)
(x)
(x)
(x)
(z)
(z)
(x)
(x)
(x)
11. f(z) =2 - In(2* + 1)
(x) = si
(x)
(x)
(x)
(z)
(x)
(x)
(z)
(z)

12. f(z) = sin(z - In(z))
13. f(z) = Va3 +e”
14. f(x) =a" - €”

15. f(x) = In(cos(e”))
16. f(z) =z - e*@)

17. f(x) = lnz(f)

18. f(x) = tan(z? - %)
19. f(z) = sec(x) - In(x)
20. f(z) = sin(z) - e”

21. f(z) =%

17



Chapter 3. Derivatives

22. f(z) = arccos(z - €%)
23. f(z) = 2 - cos(z?)
24. f(z) = In(z) - 2°

25. f(z) = v

26. f(z) = tan(In(z) - €*)
27. f(z) = 23 - arcsin(z)
28. f(z) = 2k

29. f(z) = sin(2? + %)
30. f(x) =1In(z) - cos(x)

3.3 Solutions Practical Exercises:

3.3.1 Easy:

L. f(x) ="7:
d (7) =0, Derivative of a constant (¢c)=0
—(7) = vativ . —(¢) =
dx ’ T
2. f(x) = b
d (5x) 5d:c Take the constant out: (a - f)’ I
— =5— nstan c(a-f) =a-
(52 - ut: (a a
=5-1 Apply the common derivative: o 1
T
=9
3. f(x) =x%:
i(33‘3) = 32571 i(3:) Apply the power rule: (z") =n - 2" *
dx dx '
= 3271 Take the derivative of x which is 1
= 327

18



3.3. Solutions Practical Exercises:

4. f(x) = Ve :
d 1 . d
%(\/5) = 5T %(az) Apply the power rule:
1 _a
=ga 7 1 (") =n-a2"!
1
=57
5. f(x) = €”
i(e“””) =e" i(x) Apply the chain rule:
dx B dx PPYY '
_ (8@ = /() - 9@
= ex
6. f(x) = In(x) :
1
%(ln(w)) = %(m) Apply the chain rule:
1 1
=—-1 In(g(x))) = — - ¢'(x
. (n(g(a))) = =+ 5/(2)
_ 1!
o
7. f(x) = sin(x) :
d . . :
d—(sm(aj)) = cos(x)  Apply the derivative of sin(x)
T
8. f(x) = cos(x) :
d : .
d—(cos(x)) = —sin(x)  Apply the derivative of cos(z)
T

9. f(x) = tan(x) :

di(tan(a:)) —sec’(z)  Apply the derivative of tan(z)
T

19



Chapter 3. Derivatives

10. f(z) = 4% :

d
d—(éf”) =In(4) - 4* Apply the derivative of a® where a # 1
T

11. f(x) = logs(x) :

d 1
%(logg(x)) = n(3) Apply the derivative of log,(x) where a # 1

12. f(x) = sec(x) :

di(sec(ac)) = sec(x) tan(x) Apply the derivative of sec(x)
T

13. f(x) = csc(x) :

di(csc(:):)) = —csc(x) cot(x) Apply the derivative of csc(x)
T

14. f(x) = cot(x) :

di(cot(x)) — —csc?(x)  Apply the derivative of cot(z)
T

15. f(x) = arcsin(x) :

d 1
— (arcsin(z)) = Apply the derivative of arcsin(x)
dx V1 — 2
16. f(x) = arccos(x) :
d 1 .
d—(arccos(a:)) =T Apply the derivative of arccos(x)
x —x

17. f(x) = arctan(x) :
d

@(arctan(x)) =15

Apply the derivative of arctan(z)

20



3.3.

18

19

2

S

21

22

23.

24

Solutions Practical Exercises:

. f(x) = sinh(x) :

%(sinh(w)) = cosh(x) Apply the derivative of sinh(x)
. f(x) = cosh(x) :

%(cosh(x)) = sinh(x) Apply the derivative of cosh(z)

. f(x) = tanh(x) :

d
d—(tanh(a:)) — sech?(x) Apply the derivative of tanh(z)

T
Cf(x) =2* + 4z
d d d
%(1’2 +4x) = %(IQ) + %(41‘) Apply sum rule

=2x+4  Apply power rule

. f(x) =323 — 52?2 + 22 — 7
d ., 3 2
%(31‘ —bx*4+2x —T)
d . s d,_ , d d
= — - — —(22) — — Appl ]
7-(82%) = ——(52%) + ——(2¢) — ——(7)  Apply sum rule
= 92° — 10z + 2
f(x) = e**
i(eQm) = 2e*" Apply chain rule'i(e“) = u'e"
dx dx
= 2e%* where u = 2x
. f(x) = In(3x)
(m(3) = L (32)  Apply chain rule:
~(In(32)) = o = (32 pply chain rule:
1 d 1 du
—_—.3 | _-.2=
3z da:(n(u)) u dzx
1
2

21



Chapter 3. Derivatives

25

2

(@)

27

28

29

30

. f(x) = sin(2x) :
d d
%(sin(%’)) = cos(2x) - %(21‘) Apply chain rule
d d
= ——(sin(u)) = cos(u) - d—;‘
= cos(2z) - 2
= 2cos(2x)

. f(x) = cos(3x) :

d d
d—(cos(Baz)) = —sin(3z) - —(3x)  Apply chain rule:

< d@
_ u
%(cos(u)) = —sin(u) - .
= —3sin(3z)
. f(x) = tan(4x) :
%(tan(élx)) = sec?(4x) - %(4@ Apply chain rule:
_d — sec(u) - 2
= %(tan(u)) = sec”(u) o
— 4sec?(4x)

. f(x) = sec(5x)

d d
——(sec(5)) = sec(5z) - tan(5e) - < (5)

= Hsec(5x) - tan(5x)

. f(x) = csc(6x) :
d d
—(ese(62)) = — cse(6) - cot(6x) - = (6)
= —6csc(6x) - cot(62)

. f(x) = cot(7x) :
d ) d
%(Cot(h”)) = —csc(Tx) - %(7@

= —7-csc?(Tx)

22



3.3. Solutions Practical Exercises:

3.3.2 Medium:

1. f(x) =sin(x) - In(x) :

Using the product rule, we find the derivatives of both func-
tions and sum their products.

Apply the product rule:
fi(@) = (u-v)
=u - v+u-v

= (cos(z) - In(z)) + (sin(x) - %)

sin(x)

= cos(x) - In(z) + "
2. f(x) = e3® - cos(2x) :

Utilizing the product rule, we subsequently apply the chain
rule to find the derivatives of the inner functions.

Let u(z) = e’ v(z) = cos(2x)

u'(z) = 3e* v'(z) = —2sin(22)
Apply the product rule:

F'(e) = (u-v)
=u - v+u-
= (3e* - cos(2z)) + (e’ - (—2sin(27)))

= 33" - cos(2x) — 23 - sin(2z)

e(li

3. f(x) =

sin(x) /

23



Chapter 3. Derivatives

We applied the quotient rule, finding the derivatives of both
numerator and denominator and then using the quotient rule
formula.

oy - (2 = )
(e” - sin(z)) — (e* - cos(x))
sin®(z)

4. f(x) = tan(x) - €2* :

Using the product rule, we find the derivatives of both func-
tions and sum their products.

Apply the product rule:

fi(@) = (u-v)
=u - v4+u-v
= (sec?(x) - €*) + (tan(z) - 2¢**)

5. f(z) = In(x®> + 1) :

For this function, the chain rule is necessary. We first differen-
tiate the outer function and then multiply it by the derivative
of the inner function.

Let u(z) = 2° + 1

u'(z) = 2x

24



3.3. Solutions Practical Exercises:

Apply the chain rule:

6. f(x) = x* - cos(x) :

The product rule is used to find the derivatives of both func-
tions and the sum of their products.

Let u(z) = 2°  wv(x) = cos(z)

u'(z) = 32* V'(x) = —sin(x)

Apply the product rule:

f@) = (u-v)
= -v4u-
= (327 - cos(x)) + (z° - (—sin(x)))

= 327 - cos(z) — 2 - sin(z)

In(x)

wz

7. f(x) =

The quotient rule is employed to find the derivative, with the
derivatives of both In(z) and 22 taken into account.



Chapter 3. Derivatives

Apply the quotient rule:

) = ——;
1.2? — 2z - In(z)
S @
r — 2z - In(x)
= o
_ 1—-2In(x)
= .
1 —-2In(x)
= p

8. f(x) = sec(x) + tan(x) :
The sum rule is used to find the derivatives of both functions
and then add them together.
d
f'(w) = - (sec(z) + tan(z))
d
= sec(x) + o tan(x)
= sec(z) - tan(z) + sec?(x)

= sec(z) - tan(z) + sec?(x)

9. f(x) = x% - In(x) :

Using the product rule, the derivatives of both functions are
found and then their products are summed.

Let u(z) = 2°  wv(z) = In(x)

u'(z) = 32% V'(z) = i

Apply the product rule:
fi(z) = (u-v)

=u -v+u-v

5

= (32 - In(z)) + (2% p

327 - In(z) + 22

26



3.3. Solutions Practical Exercises:

10. f(x) = €** - sin(3x) :

The product rule is utilized, with subsequent application of
the chain rule to find the derivatives of the inner functions.

Let u(z) = e**  w(z) = sin(32)

u'(z) = 2e** o' (x) = 3 cos(3x)

Apply the product rule:
fi(@) = (u-v)
=u -v+u-v
= (2¢* - sin(3z)) + (e** - 3cos(3x))
= 2¢*" - sin(3z) + 3¢ - cos(3w)

11. f(x) = tan(In(x)) :

Using the chain rule, we find the derivative of the inner func-
tion and multiply it by the derivative of the outer function.

Let u(z) = In(z)

Apply the chain rule:

12. f(z) = 242 .

Apply the quotient rule:
4 (327 —da) - (23 + 1) — (32% — 4a) - L(23 + 1)

fla) =

(333 + 1)2
(6 —4) - (z® +1) — (32* — 4x) - 327
B (23 +1)2
—3zt + 823 + 62 — 4

(x3 + 1)2

27



Chapter 3. Derivatives

13. f(x) = v/ - In(x) :
Using the chain rule, we find the derivative of the inner func-
tion and multiply it by the derivative of the outer function.

Let u(z) = vz  v(z) = In(2)

V@) = 5

Apply the product rule:
fl@) = (u-v)

=u -v+u-

(o) ()
@) 1

2z

14. f(x) = sin?*(z) In(x) :
Using the chain rule, we find the derivative of the inner func-
tion and multiply it by the derivative of the outer function.

N

Let u(x) = sin®(z) v(x) = In(x)

v/ (x) = 2sin(x) - cos(z) V() = é

Apply the product rule:
fl(@) = (u-v)

/ /
=u-v+tu-v

= (2sin(z) - cos(z) - In(z)) + (SmZ(x) ' 1)

f’(fL’) = 2sin(z) - cos(z) - In(z) + Sinx(:c)
— sin(2z) - In(z) + Sini(x)
15 =) = x? —: 1

28



3.3. Solutions Practical Exercises:

16.

17.

Applying the chain rule, we first find the derivative of the outer
function e*”, and then multiply it by the derivative of the inner
function 2.

() = Le2v . (27 +1) — e L2 4+1)
(221 1)2
2 (274 1) — ¥ 22
B (224 1)2
2@+ 1)e* — 20 e*
o (22 4 1)2

f(x) = In(sec(x) + tan(x)) :

Using the chain rule, we find the derivative of the inner func-

tion and multiply it by the derivative of the outer function.
Let u(z) = sec(x) + tan(x)

u'(x) = sec(x) - tan(x) + sec?(x)
Apply the chain rule:

fla) =1

_ sec(x) - tan(z) + sec?(x)
sec(x) + tan(x)

_ sec(z) - tan(z) + sec?(z)
sec(z) + tan(x)

SRS

f(x) = x3 - cos?(x) :

Using the sum rule, we find the derivatives of both functions
separately and then subtract the second function’s derivative
from the first.

"(z) = L a sec(x an(x
flz) = sec(x) + tan(z) dx( (z) + tan(z))

1 2
 sec(z) + tan(x)l(sec(x) - tan(x) + sec”(z))
= sec(x) - (@) T tan (@) (tan(z) + sec(x))

= sec(x)

29



Chapter 3. Derivatives

18. f(x) = % - arctan(x) :
Apply Product Rule:

8=

1 d d
fl(x) = o arctan(zx) + arctan(x)% .
1

arctan(z)
z(x2+1) x?

19. f(x) = Vx-e*:
We applied the product rule here, finding the derivative of

both e* and y/x, and then combined them according to the
rule.

d d
fl(x):\/g'%exﬂL@x'@\/E

- 1
—e\/§—|—2\/5

eI

20. f(x) = sin(x) - cos(x) :

Applying the product rule, we calculate the derivatives of both
sin(z) and cos(z), and sum their products.

sin(x) 4 sin(z)— cos(z)

?) dx dx
)

21. f(x) = In(x) - cos(x) :

Using the product rule, we find the derivatives of both func-
tions and sum their products.

Let u(z) = In(x) v(z) = cos(x)

o (z) = i o () = — sin(z)
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3.3. Solutions Practical Exercises:

Apply the product rule:

F(@) = (u- v
=u - -v+u-v

= Cosx(:z:) — In(x) - sin(z)

22. f(x) = e - tan(x) :

Utilizing the quotient rule, we find the derivatives of both func-
tions and then sum their products.

d
_%(

d d
=" . tan(x) + tan(x)% e’

e’ - tan(z))

f'(x)

= e” - sec’(w) + tan(z) - €”

23. f(x) = 2?_(31) ;

Using the quotient rule:

f/(x):u/'UZU/‘/U/

()

Where:
u(z) = sin(x), ' (z) = cos(x)

v(r) =2 +1, o'(x) =32

Substituting the functions and their derivatives, we get:

o cos(z) - (2° + 1) — sin(x) - 322
fle) = (23 +1)2

24. f(x) = xln(x) - sin(x) :
For simplicity, let’s first consider the product g(z) = z - In(x).
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25.

26.

Using the product rule:

1
gx)=1-In(z) +x-—=In(z) +1
T

Now, using the product of g(x) with sin(z), and applying the
product rule:

f'(x) = g'(x) - sin(z) + g(x) - cos()
Substituting in for g(x) and ¢'(z):

f(z) = (In(z) + 1) - sin(x) + x - In(z) - cos(z)

f(x) = tan(x) - In(cos(x)) :
Using the product rule:

fl@)=u v+u-o

Where:
u(z) = tan(z) u'(z) = sec?(z)
v(z) = In(cos(x v(x _ —sin(@)
(@) = In(cos(a) (r) =

Substituting the functions and their derivatives, we get:

e3m

f(z) = 221 -

Using the quotient rule:
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3.3. Solutions Practical Exercises:

Where:

u(zr) =e u'(z) = 3™

v(r) = 2% —1 V'(x) =2

Substituting the functions and their derivatives into the quo-
tient rule:
33 (22 — 1) — 3% - 20

27. f(x) = In(x) - sin®(x) :
Using the product rule:

flz)=u v+u-o

Where:
u(z) = In(x) u'(z) = é
v(x) = sin’(z) v'(x) = 2sin(x) - cos(x) = sin(2x)

Substituting the functions and their derivatives into the prod-
uct rule:

f(z) = i -sin®(z) + In(z) - sin(22)

= + In(x) - sin(2x)

28. f(x) = sin(zx) - e :

Given Function: f(z) = sin(z) - *’

Using the product rule:
fl@)=u v+u-o

Where:
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29.

30.

Substituting the functions and their derivatives into the prod-
uct rule:

f'(w) = cos(z) e’ + sin(z) - 2 - e

332

— ¢ - cos(x) + 2z - sin(x) - e

fl@) =52

To differentiate, we use the quotient rule:

<u>’ v —u-v
v

Where:

Substituting the functions and their derivatives into the quo-
tient rule:

3. 22 —In(23) - 22

f (:U) == (1'2)2

3z — 2x In(2?)
1

X

f(x) = cos(x) - In(sin(x)) :

To differentiate, we use the product rule:

Where:

= cos(x) u'(z) = —sin(x)
v(z) = In(sin(x)) v

Substituting the functions and their derivatives into the prod-
uct rule:

f'(x) = —sin(x) - In(sin(z)) + cos(z) - cot(z)

34



3.3. Solutions Practical Exercises:

3.3.3 Hard:

1. f(z) = e* - In(x):
Apply the product rule. First term: differentiate e and keep
In(z) as it is. Second term: differentiate In(z) and keep e** as
1t 1s.

d [ .
ey = (o7 )
f(2) = — (¢ In(a)
In(z) d Lot
=In(z) - — - +¢" -
dx d
1
= 2x - In(z) - e+t =
x

2. f(x) = sin(x?) - e*":

Apply the product rule. The first term results from the chain
rule applied on sin(x?), the second term comes from the chain
rule applied on v’

() = - (sina?) - )
= cos(x?) - %(12) - " 4 sin(a?) - %(exg)

= cos(a?) - 2z - € +sin(z?) - 327 - ¥

3. f(x) = tan(x - e*):

Chain rule. Differentiate the outer function tan(u) and multi-
ply by the derivative of the inner function x - e”.

f(x) = - (tan(z - ¢))
d

= sec?(z - €") - %(a: - e")

= sec?(z-e”) - (e" +x-¢e")
4. f(x) = In(xz? + €2*):
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Apply the chain rule. Differentiate the outside function In(u)
and multiply by the derivative of the inside function z? + e?*.

Fx) = - (in(a? + ¢)

T
:$2—|—€2x-£($ )
_295—!—262“’”
a4

5. f(x) = =™

Use the natural logarithm differentiation technique. Remem-
ber, the derivative of y = a” is ¥ = In(a)-a”. Take the natural
logarithm of both sides:

Then, apply the logarithmic identity In(a’) = bln(a):

In(f(2)) = 2 n(x)
Differentiate both sides:
1

foy @) =) +1

f'(x) = «*(In(z) + 1)

6. f(x) = In(x) - cos(x):

Apply the product rule. Differentiate In(x) while keeping cos(x)
constant. Then, differentiate cos(x) while keeping In(x) con-

stant.
() = -(n(z) - cos(x)
= cos(z) - é — In(z) - sin(z)

7. f(x) = x5
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Apply the product rule. Differentiate \/z while keeping et
constant. Then, differentiate e while keeping /x constant.

d 2
fia) = S (Vae)
= 2\1/5 e 4 V- 2we”

8. f(x) = xsin®):

Apply the natural logarithm differentiation technique and chain
rule.

Take the natural logarithm of both sides:
In(f(x)) = sin(x) - In(x)

Differentiate both sides with respect to x:

L- "(z) = cos(z) - In(z sin(z)
Fy ) = cos(o) () +

Solve for f'(x):

F(z) = @ | <cos(:1:) n(z) + 22 >

T

9. f(x) = arctan(z?):

Chain rule. Differentiate the outer function arctan(u) and mul-

tiply by the derivative of the inner function 3.

d
f(z) = %(arctan(x‘g))
__ b A
TR @)
B 322
14 af

x

10. f(z) = o7
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Apply the quotient rule. Differentiate the numerator and de-
nominator separately and then use the formula for the quotient
rule.

_ ()" (22 +1) — (e (22 + 1))
(22 +1)2
e’ (22 +1) — 2z - €”
(1'2 + 1)2

11. f(z) = x? - In(z? + 1):

Apply the product rule. First, differentiate 22 keeping In(2? +
1) constant. Second, differentiate In(z* + 1) while keeping x>
constant, using the chain rule.

f(z) = %(ﬁ In(z? + 1))

1
=2 -In(2? + 1)+ 2*-

2+ 1
23
|

-2

=2z -In(2? + 1) +

12. f(x) = sin(x - In(x)):

Apply the chain rule. Differentiate the outer function sin(u)
and multiply by the derivative of the inner function, z In(x),
using the product rule.

Fx) = (sine - In(x))

X

= cos(zIn(x)) - (In(x) + 1)
= cos(xzIn(z)) - (In(x) + i)
13. f(x) = Va3 + e~
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14.

15.

16.

Use the chain rule. Differentiate the outer function /u and

multiply by the derivative of the inner function z3 + e*.

d
— (Ve
dx

1

= ere o0t

f'(x)

f(x) =x* . e":

Apply the product rule to ¥ and e”. Differentiate x* using
the chain rule.

=2"(In(z) + 1)e” + 2" - €*
=z - e’ (In(z) + 2)

f(x) = In(cos(e®)): Apply the chain rule. Differentiate the
outer function In(u) and multiply by the derivative of the inner
function cos(e”).

1 X el'
cos(er) sin(e”))
= —tan(e”) - e”

f(x) = x - e=®@;

xIn(x)

Apply the chain rule, differentiating e with respect to
xIn(x), then multiply by the derivative of xIn(x) using the
product rule.

d xn(z
f/(SU) — %(JZG In( ))
d
_ emln(x) + - exln(x) . %(x . ln(x))

=% 42 (In(z) + 1)
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17. f(x) = In(z),

r2

Quotient rule. Differentiate the numerator and denominator
separately, then apply the quotient rule formula.

f(x) = % <1nx(2x)>

L.22 —In(z) - 22

T

2l
xr — 2z - In(x)
1 —2-In(x)

18. f(x) = tan(x? - €*):

Chain rule. Differentiate the outer function and multiply by

the derivative of the inner function z2e”.
Fa) = (e )
d
= sec?(z? - e”) - %(az? -e")

= sec?(z? - ") (2x - ¥ + 2% - ")

19. f(x) = sec(x) - In(x):

Apply the product rule: differentiate sec(z) and keep In(x)
constant, and vice versa, then sum the two terms.

() = - (sec(a) - ()

= sec(x) - di(ln(a:)) + In(x) - di(sec(a:))

i T

= sec(z) - - + In(z) - sec(x) tan(x)
20. f(x) = sin(x) - e*":
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Apply the product rule: differentiate sin(x) and keep e con-
stant, and vice versa, then sum the two terms.

d . 8
:%(sm(az)e )

— cos(z) - € + sin(z) - %(e”” )

f'(x)

73

= cos(x) - " + 327 - sin(zx) - e

21. f(x) = <5
Apply the quotient rule:

22. f(x) = arccos(x - €”):

Using the chain rule, differentiate the outside function, arccos(u),
and multiply by the derivative of the inside function, x - e*:

f(z) = %(arccos(x -e"))
T A
V11— (zer)? dz
et +x-e’

V1—q22.e2®

23. f(x) = =3 - cos(x?):

Using the product rule where the first term differentiates «
and keeps cos(z?) constant and the second term differentiates

3
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cos(z?) and keeps x? constant:

d . 3

() = (@ cos(a?))

= 32% - cos(2?) — 2° - 2z sin(a2?)

= 322 - cos(x?) — 2x* - sin(x?)

24. f(x) = In(x) - *:

Product rule, followed by the chain rule applied to the function
inside the logarithm.

() = -(in(z) -
= 1 x* + In(x) - %(mx)
= 2" +In(z) - 2" - (In(z) + 1)

25. f(x) = e*n@).

Quotient rule, with chain rule applied to the denominator func-

tion.
f/(.flf) _ %(exln(x))
d
= (@) - (2 +In(2))
=z" (In(z) + 1)

26. f(x) = tan(In(x) - e*):

(x) = (tan(in(z) - )

= sec’(In(z) - €”) - %(ln(a:) -e")
= sec’(In(z) - €”) - <é et + e’ ln(x))

27. f(x) = x?® - arcsin(x):
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3.3. Solutions Practical Exercises:

Differentiating the function using the chain rule, with the inner
function z In(z).
f(z) = i(:U3 - arcsin(z))
dz
= 32% - arcsin(z) + 2° - . i(QL’)
V1—22 dv
3

— 322 - arcsin(z) + ————
(z) T

28. f(x) = 2.

cos(x)’

To differentiate, we use the quotient rule:

(U)’ v —u-v

Where:
u(z) = In(x) u'(z) = i
v(z) = cos(z) v'(x) = —sin(x)

Substituting the functions and their derivatives into the quo-
tient rule:

% -cos(z) — In(xz) - (—sin(x))
cos?(x)
)

f'(x) =

_ cos(x) + sin(x) - In(z)
x - cos?(x)

29. f(x) = sin(z? + €*):
To differentiate the function, we use the chain rule, as the
function is a composition of two functions: the outer function
sin(u) and the inner function u = x? + €.

Differentiate the outer function with respect to its argument:

d .
o sin(u) = cos(u)
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30.

Differentiate the inner function with respect to z:

d
d—(xz +e') =2z +¢€"
T

Apply the chain rule by multiplying the two results together:
f/(x) = cos(a? + %) - (22 + ")
= (22 + €") - cos(z? + €")
f(x) = In(x) - cos(x):
To differentiate, we use the product rule:

(u-v) =u - v+u-v

Where:

Substituting the functions and their derivatives into the prod-

uct rule: |
f(z) = = cos(x) — In(z) - sin(x)
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Chapter 4

Limits with L’Hopitals Rule

L’Hopital’s insight was that, under certain conditions, the ra-
tio of two functions that approach an indeterminate form can be
simplified by examining the ratio of their derivatives.

Specifically, if lim,_,. f(x) and lim,_,.g(x) both approach 0 or
both approach oo, and the derivatives f'(x) and ¢'(z) are continuous
near ¢ (excluding possibly at ¢), then:

lim m = lim )
T—C g(m) T—c g’(gj)

provided the limit on the right-hand side exists or is co or —oo.

4.1 Practical Exercises:

tan(z)—x |
23

x—sin(x) |
3

In(x+1) |,
—

3. limy_, o

e?*_1-2x .

4. lim,_,o —

242z
em

5. limg,_,

6. lim, o+ x In(x) :



Chapter 4. Limits with L’Hopitals Rule

7. limg oo (14 2)*

1 1

8. limw_>0+ z m .

1

. 1 .
9. limg0 x? xtan(z) *

10. limg oo lne(—%m) :

4.2 Solutions Practical Exercises:

tan(x)—x |

1. lim,_,g 3

Applying L’Hopital’s rule three times due to the indeterminate

form %, we differentiate the numerator and the denominator

separately until we get a determinate form. The limit evaluates
to 0 as the derivative of the numerator becomes 0 and the
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4.2. Solutions Practical Exercises:

denominator remains a finite value.

d
lim tan(z) — x _ lim (tan(x) — z)
x—0 x3 z—0 % x?’)
— tim sec(z) — 1
x—0 3. xQ
d
iy A0
z—0 —(3 3;2)
— tim 2 - sec(x) - sec(x) - tan(x)
z—0 6-x
T 2 - sec?(z) - tan(x)
x—0 6-x
. 2(1+ tan?*(z)) - tan(z)
= lim
z—0 6-x
. L(2-tan(z) + 2 - tan’(z))
= lim #£ y
. 2 . 2 . 2
_ lim 2 -sec*(x) 4 6 - tan®(z) - sec”(x)
z—0 6
~ 2-sec*(0) + 6 - tan®(0) - sec?(0)
N 6
2 1
6 3
2. lim,_,o =22

xr3

Similar to the previous item, we use L’Hopital’s rule three
times due to the indeterminate form % and differentiate the
numerator and the denominator separately until we get a de-
terminate form. The limit evaluates to % as the derivatives of
the numerator become 1 and the denominator remains a finite

47



Chapter 4. Limits with L’Hopitals Rule

value.
i & sin(x) _ lim %(m — sin(x))
x—0 ;U?’ z—0 %(x?))
— tim 1 — cos(x)
x—0 3 - LL‘Q
. %(1 — cos(z))
z—0 i(S x2)
dx
5 sin(x)
z—=0 61
L sinG)
z—0 %(6 x)
— tim cos(x)
x—0 §)
~ cos(0)
6
1
6
3. limy,_, % :

In this case, L’Hopital’s rule is applied once, given the inde-
1

terminate form 2,

as x approaches infinity:.

yielding lim,_,o <+, which evaluates to 0

1 1 Ay (g +1
fim @D gy ol D)
T—00 x T—00 L
dx
1
= lim 1
z—=o00 |
) 1
= lim
r—oo 1 +x
=0

e?r_1-2zx |

4. lim,_,o —

By applying L’Hopital’s rule twice due to the indeterminate
form %, differentiating the numerator and the denominator un-
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til a determinate form is obtained, we find the limit is 2.

2x d 2z
et —1-—-2z ) %(e —1—2x)
}31—% .CEQ a }:gr(l) di:er
2e2%% — 9
= lim
z—0 2x
d 2
T o Claliak)
z—0 %21’
X
4€2x
= lim
z—0 2
4¢200)
2
=2
5. limy_ o TH22

Using L’Hopital’s rule twice, due to the indeterminate form

>, we differentiate the numerator and the denominator un-

til a determinate form is obtained. The exponential function
in the denominator grows faster than the polynomial in the
numerator, so the limit is 0 as x approaches infinity.

219 4 (22 4+ 21
lim—er Y~ lim df”(d )
T—00 et T—$00 o (em)
. 2x+2
= lim
T—00 el

4 (21 + 2)

d

dx
2

= lim — =0
r—00 ¥

= lim

T—00 et
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6. lim, o+ x In(x) :

Using L’Hopital’s rule to resolve the indeterminate form O -
(—o0), we differentiate the numerator and the denominator,
transforming the expression into a determinate form. By eval-
uating the expression, the limit equals 0.

lim zln(z) = lim
z—0+ x—0+

1

X

) |
= lim y
r—04+ =
dx

1

X

= lim :

X

. —a?

= lim —

z—0+ X

= lim —x
r—0+

7. limg_ oo (1 + 1)m :

xr
This is a well-known limit representing the mathematical con-
stant e.

1 v 1\*
lim (1 + —) = lim eln(1+5)
a

Tr—r00 T—00
— lim e*2(1+3)
T—00
£ m(1+7)
. a1
= lim e 4=
r—00
(1+1l)(07z_2)
T
= lim e —a?
T—00

20



4.2. Solutions Practical Exercises:

8.

10.

limm_>0+ (% — ﬁ) .

By applying L’Ho6pital’s rule due to the indeterminate form, we
differentiate the numerator and denominator until we obtain
a determinate form. Evaluating the limit results in 0.

lim (l _ ) = lim —Sm(x) — !

z—0+ \z  sin(z) =0+ xsin(x)

— tim cos(x) —.1

z—=0+ cos(z) + x sin(x)
, — sin(z)

= lim -
z—0+ — sin(z) + cos(z) + cos(z)
0

—_ - = 0
2

limg 0 <$ o a:tai(:c)) :

Utilizing L’Hopital’s rule to address the indeterminate form,
we differentiate the components separately until a determinate
form is achieved, yielding a limit of 0.

lim 1 co.s(x)  lim xcos(x). — sin(z)
r—=0 \ 22 zsin(x) =0 a?sin(z)
, x sin(x)
= lim .
20 2z sin(z) + x? cos(x)
i sin(z)
x—=0 2sin(x) 4+ x cos(x)
1
-3

. 1
limg_, o L@m) :
e2

o

Applying L’Hopital’s rule, due to the indeterminate form 2,
we differentiate the numerator and the denominator separately
until a determinate form is obtained. As x goes to infinity, the
exponential function in the denominator grows much faster
than the logarithmic function in the numerator, thus the limit

ol
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1s 0.
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Chapter 5

Continuity

Formally, a function f is said to be continuous at a point z = ¢
if:
1. f(c) is defined.

2. The limit lim,_,. f(z) exists.

3. lim, . f(z) = f(c).
If f is continuous at every point in its domain, then it is termed a
continuous function over its domain.

Moreover, continuous functions possess several beneficial prop-
erties, including:

e The sum, difference, product, and quotient (except where the

denominator is zero) of continuous functions are continuous.

e Polynomials, rational functions, exponential functions, and
trigonometric functions are continuous wherever they are de-

fined.

e The composition of continuous functions is continuous.

Following we have some exercises to practice this concept:
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5.1 Practical Exercises:

1. Determine the value of ¢ such that the function is continuous
at ©r = 2:
3r—c ifr<?2

f(z) =< c? if o =2
4e —x if x> 2

2. Determine if the function is continuous at x = 1:

g(x) =

241 ifrx<li
o2r—1 ifx>1

3. Find the point of discontinuity:

4. Determine if the following function is continuous at x = 0:

k() = {sin(x) if v <0

x? if x>0

5. Find the value of a that makes the function continuous every-

where:
ax?+1 ifz<l1
m(z) = .
2ac +3 ifx>1

6. Determine the points of discontinuity:

x2—4
n(x) = p—

7. Check the continuity of the function at x = —1:

(z) x4+ 1 ifr < -1
x:
b 224+ 2 ifx>-—1
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5.2. Solutions Practical Exercises:

8. Find the values of a and b that make the function continuous

everywhere:
(z) ar+b ifx <O
€T) =
¢ e’ if x>0

9. Determine if the function is continuous at z = 0:

B xsin(%) if © £ 0
T(x)_{o if 2 =0

10. Find the point of discontinuity:

5.2 Solutions Practical Exercises:

1. To find the value of ¢ that makes f(x) continuous at x = 2, we
need to make sure that the left-hand limit, the function value
at x = 2, and the right-hand limit are equal.

lim 3z —¢)=3(2)—c=6—c

T2~

f@)=¢
lim (4c —x) =4c—2=4c—2
r—2+

Setting 6 — ¢ = ¢? and ¢® = 4c¢ — 2, we find ¢ = 3.

2. To check the continuity at x = 1, we need to verify that the
left-hand limit and the right-hand limit are equal to the func-
tion value at x = 1.

lim (z24+1)=1*+1=2

r—1—
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lim (22 — 1) =2(1) — 1 =1

r—17t
Since the left-hand limit and the function value are equal but
not equal to the right-hand limit, g(z) is not continuous at
r = 1.

3. The point of discontinuity of h(z) = —5 occurs where the

denominator equals zero, i.e., at x = 3.

4. To check continuity at x = 0, we again compare the left-hand
limit, the function value, and the right-hand limit.

lim sin(x) = sin(0) =0

r—0~
k(0)=0%=0
lim 22 = 0> =0
z—0t

Since these three values are equal, k(x) is continuous at = = 0.

5. To find a that makes m(x) continuous everywhere, we need to
ensure the function values and the limits agree at z = 1.

lim (az® + 1) =a(1)* +1=a+1

r—1—

lim (2ax 4 3) = 2a(1) +3 = 2a + 3

r—1+

Setting a + 1 = 2a + 3, we find a = —2.

6. To find the points of discontinuity for the function n(z) = ”;2_24 :

we first try to simplify the expression. We note that z? — 4=
(x+2)(x—2), so

(x+2)(z —2)
x— 2

=x + 2, whenx # 2

n(x) =

However, when z = 2, the denominator is zero, making the

function undefined. Thus, the point of discontinuity is at x =
2.
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5.2. Solutions Practical Exercises:

7.

10.

To check continuity at x = —1, we evaluate the left-hand limit,
the function value, and the right-hand limit.
lim (2*+1)=(-13*+1=0
r——1"
p=1) = (-1 +1=0
lim (—z2%+42x) = —(=1)2 +2(—1) = —1
x——1*1

Since the left-hand limit and the function value at x = —1
are equal, but not equal to the right-hand limit, p(x) is not
continuous at r = —1.

To find values of @ and b making ¢(x) continuous everywhere,
we need the left-hand limit at x = 0 to be equal to the right-
hand limit and the function value.

lim (az +b) =a(0)+b=10

z—0~
g(0)=¢"=1
lim e =e’ =1
z—0t

Setting b = 1 makes ¢(z) continuous at z = 0. Thus, a can be
any real number and b = 1.

To check continuity at x = 0, we need to compare the left-
hand limit, the function value, and the right-hand limit. The
tricky part here is dealing with x sin (%) as x approaches zero.
: . (1 :
lim xsin (—) = 0 (using squeeze theorem)

x

x—0~

r(0) =0
: (1 :
lim xsin (—) = 0 (using squeeze theorem)
z—0T X

Since these three values are equal, () is continuous at = = 0.

The point of discontinuity for s(z) = \/xlj occurs when the

denominator equals zero or becomes undefined. This happens
when x = 4, since v/x — 4 = 0 would make the function unde-
fined.
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Chapter 6

Taylor series

In mathematical terms, if a function f is infinitely differentiable
at a real or complex number a, its Taylor series is expressed as:

(x—a)2+@(x—a)3+...

f//(a)

fla) + @) — ) +

Beyond the mere representation of a function as a Taylor series, a
significant concern is its convergence: under what conditions does
the infinite sum actually approximate the function throughout its
domain? Convergence elucidates the range of values for which the
Taylor series provides a valid representation of the function.

The interval of convergence for a Taylor series centered at a is
the set of all x for which the series converges to f(z). The radius
of convergence, denoted R, is the distance from a to the nearest
point where the series does not converge. Formally, the radius of
convergence R is given by:

1

 lim SUD;_ o0 /|0

R

where a,, is the coefficient of the n'” term of the series. The series
will converge for all x such that |z — a] < R and might diverge for
|z —a| > R.



6.1. Practical Exercises:

6.1 Practical Exercises:

1. Find the first three terms of the Taylor series for the function
f(x) = e" centered at x = 0.

2. Find the first four terms of the Taylor series for the function
f(x) = sinx centered at x = 0.

3. Find the fourth-degree Taylor polynomial for the function f(z) =
In(1 + z) centered at x = 0.

4. Determine the interval of convergence for the Taylor series of

the function f(z) = - centered at z = 0.

5. Compute the radius of convergence of the Taylor series for the

function f(z) = t= centered at z = 0.

6.2 Solutions Practical Exercises:

1. f(x) = €® around = 0:

For f(x) = ", the derivatives are:

f'()
/(=)

Evaluating these derivatives at x = 0 gives:

f0)=1 f)=1 f%0)=1

e.CC
ex

Substitute these into the Taylor series formula:

T 12
e —1—|-1-£U—|—§£E

2

The first three terms of the Taylor series are: 1+ x + %
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Chapter 6. Taylor series

2. f(x) = sin(x) around = = 0:

For f(z) = sinz, the derivatives are:

f'(x) = cos(x)
f'(x) = —sin(x)
1) = — cos(x)

Evaluating these derivatives at x = 0 gives:

f(0)y=o0, f(0)=1, f'(0)=0 f"(0)=-1
Substitute these into the Taylor series formula:

0 1
sinx =0+1- x—l——az +§x3

3

The first four terms of the Taylor series are: x — 5

3. f(z) =In(1 4 z) around = = O:
For f(x) =In(1 4 z), the derivatives are:

fiw) = 1 Jlr x
2 1
P =~y
n 2
") = e
" 6
P =~y

Evaluating these at x = 0, we have:

fo)y=1 f10)=-1, f0)=2f"(0)=-6

Thus, the fourth-degree Taylor polynomial is:

x2 203 6at

TR TR T
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6.2. Solutions Practical Exercises:

1

——around = O:
3—x

4. The interval of convergence of f(x) =

1

The Taylor series expansion of f(x) = 3= centred at z = 0 is:

1z 2 2P
f($):: §'+'§§'+'§§'+'§Z'+...
This is a geometric series with common ratio r = . For a
geometric series to converge, the absolute value of the common

ratio must be less than 1. Therefore:
‘§‘<1 — —1<§<1 . 3<z<3

Hence, the interval of convergence is (—3, 3).

5. The radius of convergence of the Taylor series for f(z) = ——

1—x
centred at x = O:

The Taylor series expansion for the function f(r) = - cen-

1—x
tered at x = 0 is the geometric series:
(0.¢]
f@)=1+z+2>+2°+ - :Zx"
n=0

To determine the radius of convergence R for the series, we
can use the Ratio Test, so, given a series >~ a,, if:

Qp+1
Qp

L = lim

n—oo

exists and L < 1, then the series is absolutely convergent. For
our series, the terms are a, = ™. Thus, we have:

xn+1
L = lim = lim |z| = ||
n—oo | " n—00
For convergence, we require:
lz| <1

Thus, the radius of convergence R is given by:
R=1

Hence, the radius of convergence of the Taylor series for the

function f(z) = - centred at z = 0is R = 1.
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Chapter 7

Critical Points

Newton’s Method: Given a function f(x) and its derivative
f'(z), the iterative formula for Newton’s Method to find the root is:

T T )
n

Gradient Descent: For a function f(x), the iterative formula
for Gradient Descent to find the minimum is:

Tpi1 = Ty — af'(z,)

Here, a is termed the learning rate, determining the step size in
the direction opposite to the derivative, which indicates the steepest
ascent or descent.

7.1 Practical Exercises:

1. Find the critical points of the function f(z) = 23 — 622 + 92.

2. Classify the critical points of the function f(z) = 2® — 3z + 2
as local minimum, local maximum, or neither.

3. Use Newton’s method with an initial guess of xrp = 1 and a
stopping criteria of |f(z,)| < 107 to find a root of f(z) =
23 —4x + 1.



7.2. Coding Exercises:

4. Find the intervals where f(z) = 23 —32? — 42 +12 is increasing
and decreasing.

5. Use the Gradient Descent method to minimize the function
f(z) = 2® — 4z + 4. Start with an initial guess of zy = 0, use
o = 0.1. Perform three iterations to find the value of x that
minimizes the function.

7.2 Coding Exercises:

Consider the function:

f(x) = 2" + 42° + 4a2?

1. Root Finding with Newton’s Method: Implement New-
ton’s method to find the roots of f(x). Use the following cri-
teria:

e Initial guess is xy = 0.
e Stopping criterion based on the absolute value of f(x)

being less than 107° or a maximum of 10 iterations.

2. Minimization with Gradient Descent: Implement Gra-
dient Descent to find the local minimum of f(x). Use the
following parameters:

e Learning rate o = 0.01.
e Initial guess is ¢y = 0.

e Stopping criterion based on the absolute value of f(x)
being less than 107°.

3. Minimization with Newton’s Method : Implement New-
ton’s method for optimization to find the local minimum of

/().

e Initial guess is xg = 0.
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Chapter 7. Critical Points

e Stopping criterion based on the absolute value of f(x)
being less than 107°.

4. Comparison: Compare the methods on 2 and 3 based:

e Plot the convergence of the methods, indicating the iter-
ation points on the function graph.

e Number of iterations taken to converge.

7.3 Solutions Practical Exercises:

Exercise 1:

To find the critical points of a function, we first need to differ-
entiate f with respect to x:

f(x) = %( 5 — 622 + 9x)

Using power rule:
fl(z) =32 — 1224+ 9

The critical points are the roots of f'(x) so we set it to be equal to
zero and solve for z:

32° =120+ 9 =10
Factoring out the common factor of 3:
2 —4r+3 =0

Factoring further:
(x=3)(x—1)=0

This gives two solutions:

r=3 and z=1
Exercise 2:
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7.3. Solutions Practical Exercises:

First we find the derivative of the function f(z) = 2* — 3z + 2:

f'(x) = 32% — 3.
Now for the roots we set f'(x) = 0 and compute the critical
points:
327 —3=0
xr = =xl.

To classify the critical points, we examine f”(x):
f"(z) = 6x.
At z =1, f"(1) = 6 > 0 indicating a local minimum,
At z = -1, f"(—1) = —6 < 0 indicating a local maximum.

Exercise 3:

The function and its derivative are:

flz) =2 -4z +1
fl(z) =32 —4

Starting with zg = 1, we’ll apply Newton’s method formula:

n

Our stopping criteria will be |f(z,)| < 107 or a maximum of 5
iterations. Let’s compute the iterations:
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Chapter 7. Critical Points

r=1-—"2=3

14
1y =3 o~ 23013,

3 = 2.3913 — 0.0867 ~ 2.3046,
x4 = 2.3046 + 0.0039 ~ 2.3085,
x5 = 2.3085 4 0.00001 ~ 2.3085,

f(xo) = =2
F(a2) ~ 0.2609
f(x3) =~ 0.0118
f(x4) =~ 0.000055
flxs5) =~ 0

By the 5th iteration, |f(wxs5)| is less than 107°, satisfying our
stopping criteria. Thus, using Newton’s method, an approximate
root of f(x) = 2° —4x + 1 is w5 ~ 2.3085 (rounded to four decimal

places).
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7.3. Solutions Practical Exercises:

Exercise 4:
For the function f(z) = 23 — 32?2 — 4x + 12, first find f'(2):

f(z) = 32> — 62 — 4.

Find the critical points by setting f'(z) = 0:

322 —6x —4=0.

Using the quadratic formula to find the roots

6+ /(—6)2—4-3-(—4)
B 2-3
:6i\/@

6
34421
===

V21
=1+

x

Therefore x = 1+@ and r = 1—@ are critical points, we then test
the sign of f’(x) in each interval determined by these critical points
to find the intervals of increase (f'(x) > 0) and decrease (f'(x) < 0).

For x =1+ \/Tﬁ:
Substitute z = 2.52 in f'(x)

f(2.52) = 3(2.52)? — 6(2.52) — 4 = —0.0688 < 0

Substitute x = 2.53 in f'(x)

£1(2.53) = 3(2.53)% — 6(2.53) — 4 = 0.0227 > 0
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Chapter 7. Critical Points

V2.

For x =1 — R

Substitute x = —0.52 in f'(x)

£/(2.52) = 3(—0.52)* — 6(—0.52) — 4 = —0.0688 < 0

Substitute x = —0.53 in f'(z)

£1(0.53) = 3(—0.53)% — 6(—0.53) — 4 = 0.0227 > 0

Hence f(x) increasing in the interval (—oo, 1 —¥=)U(1+

and f(z) decreasing in the interval (1 — 3=, 1+ ¥37)

Exercise 5:

First, determine the derivative of f(x):

fl(z) =2z —4

Starting with zp = 0 and using the gradient descent formula:

Lp+1 = Tp — &f/(xn)

Let’s compute the iterations:

zy = 0, f(zo) = —4

71 =0—0.1(—4) = 0.4, Fi(x1) = —3.2
To = 0.4 —0.1(-3.2) = 0.72, () = —2.56
5 = 0.72 — 0.1(—2.56) = 0.976, Fxs) = —2.048
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7.3. Solutions Practical Exercises:

After three iterations using the gradient descent method, the
value of = that is approaching the minimum of the function f(x) =
2?2 —4x + 4 is x5 ~ 0.976.
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Chapter 8

Integrals

Below are the fundamental rules of integration that will be ex-
plored and applied in this chapter.

e Power Functions: For any real number n # —1,

1
/x"da:: —— "y
n-+1

Exponential Functions:
/ e"der=e¢"+C
e Trigonometric Functions:

/sinxdx: —cosx +C

/cosxda: =sinx +C

Logarithmic Functions:

1
/—dx:1n|a:|+C

X

Rational Functions:

1
/ dr =In|zx +a|+C
r+a



8.1. Practical Exercises:

e Inverse Trigonometric Functions:

1
/mdx:sin_lx—kC

e Hyperbolic Functions:

/coshxda: =sinhz + C

/sinha:dm =coshx +C

8.1 Practical Exercises:

Find the integrals of:

8.1.1 Easy:

1. [(2*+ 3z +2)dx

2. [(22°% — 52+ Tx — 3) dx
3. [evdx

4. [(Bx —4)da

5. [Ldx

6. [sin(z)dz

7. [ cos(z) dx

8. [(42? — %) dx

9. [(2yT+1)da
10. [(2? — 2?4+ 2 —1)dx
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Chapter 8. Integrals

11. [=Ldz

12. [(bx* — 32* + 22— 7)dx
13. [tan(z)dx

14. [sec*(z)dx

15. [In(z)dx

8.1.2 Medium:

1. f%dw

2. [xe"dx

3. [asin(x)dx
4. [ xﬁﬂdx

5. [ £ dx

6.f < dx

et+1

7. [ ot da

8. [sin®*(x)dx
9. [cos(2x)dx
10. [xln(z)dx
11. [V1—a22dx

12. [ ——dx

zIn(x)

13. [ o) gy

X

14. [ €** cos(3z) dx

15. f \/43175&
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8.2. Solutions Practical Exercises:

8.1.3 Hard:

1. fx26“73 dx

2. f\/%dx

3. fexmdx

4. [sin(z)In(cos(x)) dx
5. fMda:

6. fmdx

R

41

8.f __dx

62x+1

9. [2?cos(2?)dx

10. [ s de

sin?(z)
11. 1+sin(x) dx

8.2 Solutions Practical Exercises:

8.2.1 Easy:

1. [(z*+ 3z +2)dx:

Applying the power rule to each term separately and adding
the constant of integration C.

x3 32

=—+—+2z+C
3+2+x+
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Chapter 8. Integrals

2. [(2z® — ba? + Tx — 3) dx :
Apply the power rule to each term and don’t forget to add C.

2 hrd T’
=5 g Ty o AC

3. [e*dx :
The integral of e” is € plus the constant of integration.
=e"+C

4. [(Bx —4)dz :

Applying the power rule and integrating the constant term
with respect to x.

32
:%—4x+0

5. f%dw:

The integral of % is the natural log of the absolute value of x
plus the constant of integration.

=In|z|+C

6. [ sin(x) dx :

The antiderivative of sin(x) is — cos(z) plus the constant of
integration.

= —cos(z) + C

7. [cos(z) dx :

The antiderivative of cos(z) is sin(z) plus the constant of in-
tegration.

= sin(z) + C
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8.2. Solutions Practical Exercises:

8.

10.

11.

12.

13.

[(42? — e®) d :

Apply the power rule to the first term and integrate the expo-
nential term normally, adding C' at the end.

43
=——e"4+C
3
[@vE + 1) de:
For the first term, use the power rule and convert the square

root to a power of % For the second term, recall that the in-
tegral of < is In |z].

Do

z2 +In|z|+ C

Q| W~

[(@® —a*+x—1)dzx:
Apply the power rule to each term and don’t forget to add C.
R

=— - =+ = - C
1 3+2 T+

[ldx :
xr
Divide each term in the numerator by x before integrating.
=z —Inlz|+C

[(5z* — 32? + 2 — 7) dx :

Apply the power rule to each term and integrate the constant
term with respect to z.

55
:%—x3+x2—7x+0

[ tan(z) dx :

The antiderivative of tan(z) is — In | cos(x)| plus the constant
of integration.

= —1In|cos(z)| + C
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Chapter 8. Integrals

14. [sec*(x) dx :

The integral of sec?(x) is tan(x) plus the constant of integra-
tion.

= tan(z) + C

15. [In(z) dx :
Use integration by parts, letting « = In(x) and dv = dx. Then:

u = In(x) dv = dx
1
du = —dx V=2
x

/ln(a:)dx:uv—/vdu

= zln(z) —/xldx

T
= zln(z) —/d:c
=zln(z) —z+C

=zln(z) —z+C

8.2.2 Medium:

1 [ 221 g

xr

Separate the integrals, and solve each term separately.

2 1 1
/a: dx:/x——dx
T T

2. [xe®dx :
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8.2. Solutions Practical Exercises:

Use integration by parts (u = z, dv = e*dx).

U =2 dv = e*dx

du = dx v=-¢e"

/xexd:czuv—/vdu
:a:ex—/exdx

=zxe' —e" +C
where C' is the constant of integration.
3. [xsin(x) dz :
Use integration by parts.

u=ux dv = sin(x) dx

du = dx v = — cos(x)

/xsin(x)da::uv—/vdu

= —zcos(z) + /cos(:z:) dx

= —x cos(x) +sin(x) + C

where C' is the constant of integration.

4. [ e A
Use a u-substitution (u = 2% + 1).
Let u = 2? + 1, then du = 2z dx.

Now, we can rewrite the integral:
/ x J / 1 2z J
——dr = | -——=dx
vaz+1 212 +1
1 / 1 p
=—- [ —=du.
2) Vu
Applying the power rule for integration, we get:
1 1 1
— | —du=--2 C
5 / Ju u=g Vu+
=+u+C.
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Chapter 8. Integrals

Substitute back in terms of x:

vVa2+1+C,

where C' is the constant of integration.

2

5. fa,-2$+1 dr :

Separate into two terms, [ 1 — = dx.
2 2 1—1
/ T e = /L dr
22+ 1 22 +1

=z — arctan(x) + C

where C' is the constant of integration.

6. | = G dz:
Use a u-substitution (v = e* + 1). Let u = e* + 1, then

du = e* dr. Now, we can rewrite the integral:

/ ¢ dx:/ldu
et + 1 U

= In |u| + C.

Substitute back in terms of z:
Inle® + 1|+ C,
where C' is the constant of integration.

7. [ dx:

ert—1

This is a special case, resulting in the polylogarithm function.

Lig(@x) + C
8. [sin®*(z)dz :

Use a power-reduction formula and the trigonometric identity
sin®(z) = 3(1 — cos(2z)):

1
/5(1 — cos(2z)) dx
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8.2. Solutions Practical Exercises:

Now, integrate term by term:
S [ (1= cost2a)) dn = 5 (o= S sin(za) ) + €
5 cos(2z))dz = 5 | & — 5 sin(2z
So, the final result is:
1 1

/ sin?(z) do = 3 <x -3 sin(za:)> +C

where C' is the constant of integration.

9. [cos(2z) dx :

Direct integration.
L.
5 sin(2z) + C

10. [zIn(x) dz :
Use integration by parts. Let

u=In(x) dv=xdx

1 1
du=—dz v=—x
x 2

Applying the integration by parts formula:

/xln(m)da::uv—/vdu

1 1 1
=1 g2 22l
n(z) 5% /233 mdx
1 1
:§x21n(a:)—1x2+0

where C' is the constant of integration.

11. [v/1—a2dx:
This represents a semicircle. Let z = sin(f), then dx =

cos(0) db.

/ﬂdaj = / \/1 —sin?(0) - cos(6) df

= /0082(0) do.
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Chapter 8. Integrals

Now use a trigonometric identity cos?(6) = 3(1 + cos(26)):

/0082(9) df = /%(1 + cos(260)) db

= % (0 + sin(0) cos(9)) + C.

Substitute back in terms of x:

1 1

5 <arcsin(x) + STV 1— x2> + C,
where C' is the constant of integration.

12. [ —i—~dx:

x ln(x)

Let u = In(x), then du = 1 dx.

/xlri(x)dx:/édu

= In |u| + C.

Substitute back in terms of x:
In|In(z)| + C,
where C' is the constant of integration.
13. [ @ dz :
Use a special function.

In®(z)

2+C

Let ]
u=1In(x) dv=—dx
x
1
du=—dxr v =In(z)
x

Now, apply the integration by parts formula:

/ln;x) d:czuv—/vdu

= In(x) - In(x) — /ln(:l;) 1 dx.

X
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8.2. Solutions Practical Exercises:

Now, rearrange and solve for the integral:

2 / In(z) dr = In(z) - In(z)

X

/ @) 4 = %(m(x))? e

X

where C' is the constant of integration.

14. [ e** cos(3x) dx :
Integrate by parts twice, and simplify.
2z

61—3(2 cos(3z) + 3sin(3x)) + C

Let

u=e* dv = cos(3z) dx

1
du =2e*"dr v = 3 sin(3x)

Now, apply the integration by parts formula:

II/@szOS(SQZ) dx:uv—/vdu

1
= ¢ . —sin(3z)

3
L. 2z
— gsm(Sx) 2e“dr (1)

Now, integrate the remaining term:

u = e* dv = sin(3z) dx

1
du = 2e*"dr v = —3 cos(3z)

1 2
/§ sin(3x) - 2e* dx = 3 / e*” sin(3z) da

2 4
= —§e% cos(3x) + 9 / % cos(3x)
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Chapter 8. Integrals

Using (1):
2z 2z L 2 2z 4 2z
e cos(3x) dx = e - 3 sin(3x) + g° cos(3x) — g /€ cos(3z)
4 1 2
I+ §[ — . 3 sin(3x) + 562:” cos(3z)
13 1,
31 =ge (3sin(3x) + 2 cos(3z))

1
/ " cos(3a) dr = e (3sin(3n) + 2 cos(3))

15, [ 2

Use a u-substitution (u = 4 — z?).

—1\/4—x2+C

2
Let u =4 — 22, then du = —2x dx.

Now, rewrite the integral:

[t a ]

:——/—du

Applying the power rule for integration:

Finally, substituting back in terms of x:

—V4—2?+C,

where C' is the constant of integration.

8.2.3 Hard:
1. fa:ze“’s dx :
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8.2. Solutions Practical Exercises:

This is best approached using a u-substitution, © = 23, giving
1 23
ge + C

Let u = 23, du = 322 dx

3 1
/xQex dx:§/e“du

1
= g@u +C
1 .
= gef‘”3 + C  (Substitute back in terms of z),

where C' is the constant of integration.

x2 .
2. [ Tz da
For this integral, a trigonometric substitution is beneficial, re-
V1—22(22+1) L O

sulting in — 5

Let sin(u) =z, cos(u)du = dx

/ _ dx = sin’ () - cos(u) du
V1 — a2 V1 — sin®(u)
sin®(u)
= - cos(u) du

[l
M| S S
N
z.
Py
o &
.
S

Substitute back in terms of x

2 1 1
/\/%x? dx = §arcsin(x) — 5TV 1—a224C

where C' is the constant of integration.
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Chapter 8. Integrals

3. [e*ve? 4+ 1dx :

A hyperbolic trigonometric substitution will yield the solution,

resulting in ”G%H(ew;amsmh(em)) +C.

Substitute u = ¥ — du = e* dz, use:
/ex\/e%—lr 1dx :/\/u2+ 1du

Perform hyperbolic substitution:

Substitute v = sinh(v) — v = arsinh(u), du = cosh(v)dv
/ Vu?+ ldu = /Cosh(v)\/sinhQ(v) + 1dv

Simplify using sinh?(v) + 1 = cosh?(v):

— / cosh?(v) dv

Apply reduction formula with n = 2:

/cosh”(v) dv = /cosh”_Q(fU) dv +

n—1 cosh™ ! (v) sinh(v)

n

n

h(v) sinh 1
/\/F—i—lduzcos (v) sin <U>—|——/1dv

2 2
h inh
_ cos (v);m (v) N g Lo

Undo substitution v = arsinh(u), use:

sinh(arsinh(u)) = u

cosh(arsinh(u)) = vVu? + 1
/\/r—l—ldu _ arsinh(u) N uvu? 41 Lo

2 2
Undo substitution u = e* :

inh (¢") e/ 11
/exmdx:arsng(e)_i_e o +C

2

where C' is the constant of integration.
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8.2. Solutions Practical Exercises:

4. [ sin(x) In(cos(zx)) dx :

This integral is best solved usmg mtegration by parts, resulting

in — cos(z) In(cos(x —l—fﬁ;ﬁ

u = In(cos(x)) dv = sin(x) dx
_ _sin(@) T v = —cos(x
du = cos(z) d ()

Applying the integration by parts formula:
/sin(m) In(cos(z)) dx =
= —In(cos(z)) cos(x) — /(— cos(z)) (_ Sin(l‘)> dr

cos(z)

= —In(cos(z)) cos(z) — /sin(:c) dx
= —In(cos(z)) cos(x) + cos(z) + C,

5. [Val+xz+ 1dx:

/mdx_/\/(ﬁg)ﬁgdx
:%/\/(Qx—l—l)z-i—?)dx

Substitute u = 2x + 1, du = 2 dx:

/\/x2+az+ lde = - /\/u2—|— 3du

Perform trigonometric substitution: Substitute u = v/3tan(v), du =

V3sec?(v) dv
/\/Mdu:S/sec‘g(v) dv

Apply reduction formula for sec?®(v):

/sec3(v) dv = sec(v);an(v) - %ln(sec(v) + tan(v)) + C

85



Chapter 8. Integrals

L. - RY
Undo substitution v = arctan ( \/g)

tan(arctan(z)) =z, sec(arctan(x)) = V22 +1

Vu? 3ln (Vu2 +3
/\/mdu:u U —|—3+ n( us + —I—u)
2v/3 2v/3

Undo substitution v = 2z + 1:

+C

- (V3(2x+1)
9 1 9 12 + 3 3arcs1n( >
/\/:U2+x+1dx:(x+ )\/(Ser )+ + 3 ’ +C
1 .
6. | wrraepa de

1 1
[t | o
x? + 2z + 2 (x+1)2+1

Substitute u = x + 1, do = du :

1 1
/ dx:/ du
(z+1)2+1 u? + 1

1
/ T du = arctan(u) + C
u

Undo substitution v =x + 1 :

1
/m dx = arctan(x —|— 1) —|— C
X X

xr .
7. [ o] dx :
A trigonometric or hyperbolic substitution would be useful in

solving this integral. It will yield a relatively complex expres-
sion involving logarithmic terms.

Substitute v = 2%, du =2z dx :

/ T J 1/ 1 p
———dr = - | ——du
Vat+1 2 u?+1

86



8.2. Solutions Practical Exercises:

Perform trigonometric substitution:
Substitute u = tan(v), du = sec?(v) dv:

1 sec?(v)

T
——dr = =
/\/:134 +1 2J /tan?(v) + 1

= %/sec(v) dv

= %ln | tan(v) 4 sec(v)| + C

1
— “Inju+VuR+1/+C

2

1
zﬁln\x2+\/x4+1\+(]

dv

8. [ e;’;:-l dr :

Substitute u = e*, then du = e*dx.

v 1
/ ‘ dx:/ du
e2r 41 u? +1

= arctan(u) + C
= arctan(e”) + C

9. [x?cos(x?®) dx :
Let u = 23, du = 322 dx

/x2 cos(z%) dr = %/cos(u) du

= %/cos(u) du

1
=3 sin(u) + C

1
=3 sin(z%) 4+ C (Subs in terms of ),

where C' is the constant of integration.

10. [ wé’”;"'_ll) dzx :
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Chapter 8. Integrals

This integral requires partial fraction decomposition and yields
a solution involving logarithmic terms.

A=
:/ﬁdx+/ldx

1

1 1
/<x_1)dx—/5dx+x+0

=Inlz—1|—-In|z|+2z+C

sin?(x)
11. [ e () dr :

Substitute u = sin(x), du = cos(z) dx
2 1
/L,(x)dx /sm(az) 1+—d
1 + sin(x) 1 + sin(x
/sm d:r:—/lda:+/
1 + sin(x

:‘““()‘x+/g+ﬂm@)
:—cos(x)—x—}—/( < (5) 4, (1)

Substitute u = tan (%) +1, du= l sec? (%) dx

2
/ oee 2 dx—2/idu
(tan( +1

2
=-=+C
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8.2. Solutions Practical Exercises:

(1) Implies

/wdx:—cos(x)—x—

1 + sin(x)

89
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Chapter 9

Gradients and Hessians

Formally, for a function f(x,y), the gradient is given by:

af
oF
dy

To further understand the curvature and shape of our multidi-
mensional function, we introduce the Hessian matrix. The Hessian
matrix, for a function f(x,y), is given by:

V=

02f  0*f

2
H(f)= | &
oyoxr  Oy?

9.1 Practical Exercises Partial
Derivatives:

1. Find % for the function f(x,y) = 3z%y + 2z9°.
2. Calculate g—; for z(z,y) = 2%y + 5y* — 3.
3. Find g—z for v(x,y, 2) = 4a3y* — 3wy?2? + 22.

4. Compute g—i and % for the function f(z,y, z) = 2%y + 3y2? —

23]3'.



9.2. Solutions Practical Exercises Partial Derivatives:

5. Calculate 2%, g—Z, and 2% for u(z,y, z) = zy® + yz* — x2°

: v Ov ov — L,TYZ
6. Find 7, 5, and 3 for v(z,y, z) = e™* cos(yz).

7. Determine g—ﬁ, g—‘g’;, and % for the function f(z,y,2) = x3yz> +
e™* sin(y).

8. Calculate %, g—Z, and % for u(x,y, z) = In(zy) + xyz — cos(z).

9. Find %, g—;’, and % for v(z,y, 2) = 2%y> 24+ sin(y2) —In(z2).

9.2 Solutions Practical Exercises
Partial Derivatives:

Exercise 1: Given the function:
fla,y) = 32°y + 2y
we want to find the partial derivative with respect to x.

1. Differentiating 32y with respect to z:

0
%(35529) = Gy

2. Differentiating 2xy® with respect to z:

0
— (2 3:23
5. (20y°) = 2y

Combining the results, we have:

g = 6xy + 2y3
Ox

Exercise 2:

91



Chapter 9. Gradients and Hessians

Given the function:
2(x,y) = 2y + 5y° — 3z

we want to find the partial derivative with respect to .

1. Differentiating z?y with respect to y:
0

6—y($29) =’

2. Differentiating 5y? with respect to y:

a 2
_ —1
ay(5y ) =10y

3. Differentiating —3x with respect to y:

0

Combining the results, we have:

0z 5
— = 10
3y r” + 10y

Exercise 3:

Given the function:
v(x,y, 2) = 4a’y? — 3zy®2? + 22

we want to find the partial derivative with respect to y.

1. Differentiating 423y> with respect to y:

0
a—y(4$392) = 8a’y

2. Differentiating —3zy?2? with respect to y:
0

a—y(—Sxy2z2) = — 6y
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9.2. Solutions Practical Exercises Partial Derivatives:

3. Differentiating 2z with respect to y:

0

Combining the results, we have:

0
A 83y — 6xyz’
dy

Exercise 4:

Given the function:

fz,y,2) = 2%y + 3yz* — 2’

we will compute the partial derivatives with respect to x and y.

1. Differentiating z?y with respect to z:

a 2
8_3:( y) = 2wy

2. Differentiating 3yz? with respect to :

0 o
%(Syz )=0

32 with respect to z:

0 3

%(—z T)=—2

3. Differentiating —z

3

Combining these results:

a—f:2xy—z3

ox

1. Differentiating 2%y with respect to y:

a 2 2
8_y( y)—ilf
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Chapter 9. Gradients and Hessians

2. Differentiating 3yz? with respect to y:

0 2y _ 9.2
ay(Byz)-i&z

3. Differentiating —z3z with respect to y:

0, 3.
8_y(_z ) =0

Combining these results:

6—f:x2—|—322

dy

Exercise 5:

Given the function:

u(z,y, 2) = 2y +yz° — x2®

we will compute the partial derivatives with respect to z, y, and z.

1. Differentiating xy?> with respect to x:

0

_2:2
a{E(ffsy )=y

2. Differentiating y2* with respect to x:

0, 5
%(yz)—o

3. Differentiating —zz? with respect to x:

0
g =
Combining these results:
ou
e

94



9.2. Solutions Practical Exercises Partial Derivatives:

1. Differentiating zy? with respect to y:

d, 4
- —9
9y (zy”) = 2zy

2. Differentiating y2z* with respect to y:

9
dy

(yz") = 2°

3. Differentiating —x2? with respect to y:

0 o
8—y(—xz )=0

Combining these results:

ou
— =2xy+2°
oy Y

1. Differentiating xy? with respect to z:

0 o
@(SU?J)—O

2. Differentiating y2* with respect to z:

0
@(923) = 3yz°

3. Differentiating —z2? with respect to z:

2(—xz2) = —2xz

0z

Combining these results:

0
7 _ 3yz? — 2x2

0z
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Chapter 9. Gradients and Hessians

Exercise 6:
Given the function:
v(z,y,z) = ™ cos(yz)
we will compute the partial derivatives with respect to x, y, and z.

Using the product rule, we get:
Ov

— = yze™* cos(yz)

ox

Again using the product rule:

0
T e cos(yz) — e™*z sin(yz)

ox

Using the product rule once more:

@
ox

= zye™” cos(yz) — e™*ysin(yz)

To summarize:

0

a—; = yze™* cos(yz)

0

6_U = ze™* cos(yz) — "z sin(yz)
Y

v _ TYZ TYZ, o

5, = e cos(yz) — ey sin(yz)

Exercise 7:

Given the function:

TYz

fla,y, 2z) = a’yz* + e sin(y)

we will compute the partial derivatives with respect to x, y, and z.
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9.2. Solutions Practical Exercises Partial Derivatives:

1. Differentiating z3yz? with respect to z:

— (2°y2?) = 3x?yz?

ox

2. Using the product rule to differentiate e** sin(y) with respect
to x:
0

P

TYZ 3

e™*sin(y)) = yze™* sin(y)

Combining the results:

0 .
of _ 32%y2* + yze™* sin(y)

ox

1. Differentiating x3y2z? with respect to y:

2. Using the product rule to differentiate e™* sin(y) with respect
to y:

g(exyz cos(y)) = e™* cos(y) + xze™* sin(y))

dy

Combining the results:

of
y

= 2°2% 4 €™V cos(y) + zze™¥* sin(y)

1. Differentiating x%y2? with respect to z:

0
—(atys?) = 2y

2. Using the product rule to differentiate e™* sin(y) with respect
to z:

2(6”“ sin(y)) = zye™” sin(y)
Z
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Chapter 9. Gradients and Hessians

Combining the results:

0
of = 223y + zye™ sin(y)

0z

Exercise 8:

Given the function:
u(z,y, z) = In(xy) + zyz — cos(z)
we will compute the partial derivatives with respect to z, y, and z.

1. Differentiating In(xy) with respect to z:

2 (nay)) =+

2. Differentiating xyz with respect to x:

0
%(x?ﬂ) =Yz

3. Differentiating — cos(z) with respect to x:

a%c(— cos(z)) =0
Combining the results:
% = l +yz
or =z Y

1. Differentiating In(xy) with respect to y:

0 1
gy ) =2

2. Differentiating zyz with respect to y:
0

—(zyz) = x2

dy

98



9.2. Solutions Practical Exercises Partial Derivatives:

3. Differentiating — cos(z) with respect to y:

0
8_y(_ cos(z)) =0

Combining the results:

1. Differentiating In(xy) with respect to z:

0

—(n(zy)) =0

2. Differentiating xyz with respect to z:

0
- oyz) = oy

3. Differentiating — cos(z) with respect to z:

9
0z

(—cos(z)) = sin(z)

Combining the results:

a—u—x + sin(z)
9. Y

Exercise 9:
Given the function:

(@, y, 2) = 2yt 4 et

sin(yz) — In(2)
we will compute the partial derivatives with respect to z, y, and z.

1. Differentiating z%y32* with respect to x:

0
a_(:EZ:UBZZL) — 2$y324
T
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Chapter 9. Gradients and Hessians

2. Using the product rule to differentiate e™¥* sin(yz) with respect
to x:

TYZ

—(e"*sin(yz)) = yze™* sin(yz)

8x(

3. Differentiating — In(z) with respect to x:

0
%(—m(z)) =0

Combining the results:

ov
— =222 + yze™ sin(yz2)

0x
1. Differentiating x%y%2* with respect to y:

0
a_(x2y324) — 3u2y2t
Yy

This term comes from the fact that 32%y%2?% is the coefficient of y in

x2y3z4.

2. Using the product rule to differentiate e™¥* sin(yz) with respect
to y:
Differentiate e*¥* with respect to y:
xrze'V*
Multiply this derivative by sin(yz):
rze™* sin(yz)
Differentiate sin(yz) with respect to y, and then multiply by e*¥*:
z cos(yz)e™V*

3. The term —In(z) does not contain y, so its derivative with
respect to y is 0.
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9.3. Practical Exercises Gradients and Hessian:

Combining these results, the partial derivative with respect to y
1s:
dv 2,24

v 3x7y“2" + vze™* sin(yz) + zexp(zyz) cos(yz)
Y

1. Differentiating 2%y32* with respect to z:

0
a_($2y324) — 4$2y323
Z

2. Using the product rule to differentiate e*¥* sin(yz) with respect
to z:

0 .
g(exyz sin(yz)) = e™*(xy sin(yz) + y cos(yz))

3. Differentiating — In(z) with respect to z:

0 1
—(~In(2)) = ——

z

Combining the results:

0 1
00— 422+ e (aysinyz) + yeos(y2)) — 1
Z z

Now for the Gradients and Hessians

9.3 Practical Exercises Gradients and
Hessian:

1. Find the gradient and the Hessian of f(z,y) =z + v.
2. Compute the gradient and the hessian of g(z,y) = 2% + 2.
3. Compute the gradient and Hessian of g(x,y) = xsin(zy) +

cos(zy).
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Chapter 9. Gradients and Hessians

4. Find the gradient and Hessian of h(x,y) = z%e¢¥ + y?e”.
5. Find the gradient and Hessian of f(z,y,z) = x?ye* + In(zyz).

6. Compute the gradient and Hessian of g(x,y,2z) = ze™* +
zIn(zy).

9.4 Solutions Practical Exercises
Gradients and Hessian:

1. Find the gradient and the Hessian of
flx,y) =z +y:
Gradient:

For a function f(x,y), the gradient, often denoted by V f or
grad f, is a vector field and is given by:

oy
Vf(z,y) = [?]

Computing the components:

1. The partial derivative with respect to x:

g:a(x+y)

ox ox =1

2. The partial derivative with respect to y:

of _0(x+y)

=1
oy oy

Thus, the gradient is:
1
Vi(e,y) = H

Hessian:
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9.4. Solutions Practical Exercises Gradients and Hessian:

The Hessian matrix, denoted by H(f), is a square matrix
of second-order mixed partial derivatives. For the function

f(x,y), it is given by:

0*f  0*f
2
H(P) = [ % %%y]
Ooydx  Oy>

Computing the entries:

1. The second partial derivative with respect to x:

0? o (0 0
ox? Oz \ Oz ox
2. The mixed partial derivative with respect to x and then y:
0? o (0 0
/ = — —f =—(1)=0
Ox0dy  Ox \ Oy ox
3. The mixed partial derivative with respect to y and then x:

f 9 (of\ 9O ..
8y8x_8_y(%) (1)=0

oy

4. The second partial derivative with respect to y:

02 f a<g> )

-2 - = —(1) =
dy?> Oy \ Oy 3y() !

Thus, the Hessian is:
00
HH = o ol

2. Compute the gradient and the Hessian of
g(z,y) =z + y*:
Gradient:

For the function g(x,y), the gradient, often denoted by Vg, is
a vector field and is given by:

99
Vy(z,y) = [%]
dy
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Computing the components:
1. The partial derivative with respect to x:

dg  I=*+y?)

or ox =2

2. The partial derivative with respect to y:

g _ 0" +y7)

—9
y dy Y

Thus, the gradient is:

Hessian:

The Hessian matrix, often denoted by H(g), is a square matrix
of second-order mixed partial derivatives. For the function
g(x,y), it is given by:

P9 P
_ | 022  Oxzdy
H(g) = | &, g
oydxr  0y?

Computing the entries:

1. The second partial derivative with respect to x:

02g 0 (0g 0
a7_6_<0_> = g2 =2

2. The mixed partial derivative with respect to x and then y:
0%qg 0 (0g 0
OxOy  Ox \ Oy Ox
3. The mixed partial derivative with respect to y and then x:
0? o (0 0
Oyoxr Oy \Ox oy
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9.4. Solutions Practical Exercises Gradients and Hessian:

4. The second partial derivative with respect to y:

0% 0 [0g 0
3=y (o) = 3y =

Thus, the Hessian is:
2 0
H) =[5 )

3. Compute the gradient and the Hessian of
g(xz,y) = zsin(xy) + cos(zy) :
Gradient:
For the function g(z,y), the gradient is given by:

a9
Vy(z,y) = [%]
dy

Computing the components:

1. The partial derivative with respect to x:

dg 0 . . :

pr a—(x sin(zy)+cos(zy)) = sin(zy)+zy cos(xy)—y sin(zy)
x x

2. The partial derivative with respect to y:

d9 _ 9
oy Oy

(zsin(zy) + cos(zy)) = 22 cos(zy) — xsin(zy)

Thus, the gradient is:

2

_|sin(zy) + xy cos(xy) — ysin(zy)
Vol y) = [ x* cos(xy) — x sin(zy) ]

Hessian:

The Hessian matrix of g(x,y) is:
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Computing the entries:

1. The second partial derivative with respect to x:

0? o .
8_3392 — %(sm(xy) + zy cos(zy)

= —ysin(zy)) = 2y cos(zy) — y” sin(zy)
2. The mixed partial derivative with respect to x and then y:

2
99 = 2(ar:2 cos(zy)

Oxdy Ox
— —xsin(zy)) = 2z cos(zy) — 2sin(zy) — 2%y sin(zy)

3. The mixed partial derivative with respect to y and then x:

0%g _2(
oydx Oy

sin(zy) + xy cos(xy)

= —ysin(zy)) = 22 cos(zy) — xy sin(zy)

4. The second partial derivative with respect to y:

D*g 0, ,
— — — (&I COS\T
o2~ oy cos@y)
= —zsin(zy)) = —2” sin(zy) — 227 sin(zy)
Thus, the Hessian is:
[ 2ycos(zy) — y?sin(zy) 2z cos(xy) — 2sin(xy) — 2y sin(zy)
Hig) = 2z cos(zy) — x“y sin(xy) —z° sin(zy) — 22 sin(zy) }

4. Find the gradient and the Hessian of h(x,y) = x%e¥ + y?e” :
Gradient:
For the function h(z,y), the gradient is denoted as:

oh
Vhiz.s) = |1
dy
Computing the components:
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9.4. Solutions Practical Exercises Gradients and Hessian:

1. The partial derivative with respect to x:

oh 0

9 92 (a:2ey + y2ex) = 2xeY + yPe”
2. The partial derivative with respect to y:

oh 0

2y 2.\ _ 2.y T
— = — (e’ +y“e") = x7e’ + 2ye
D ay( y’e”) y

Thus, the gradient is:

Y 2 x
Vh(x,y) _ [23:6 +y e]

x2eY + 2ye”

Hessian:

The Hessian matrix of h(x,y) is represented as:

9%h  0%h
_ | 022 0z0

H(h) = | 550 21
Oyox  Oy?

Computing the entries:

1. The second partial derivative with respect to x:

o?h 0
92 = 92 (2xey + y26$) = 2¢¥ 4 y%e”
2. The mixed partial derivative with respect to x and then y:
0%h 0 , 5
= — (x%eY + 2ye®) = 2ze¥ + 2ye”
Oxdy Ox ( Y ) Y
3. The mixed partial derivative with respect to y and then x:
0h 0
= — (2ze” + y?e®) = 2ze? + 2ye”
Oyox Oy ( Y ) Y
4. The second partial derivative with respect to y:
o*h 9 , :
— = — (2%e¥ + 2ye") = z%e¥ 4 2¢°
2 Oy ( ye')

Thus, the Hessian is:

[ 2e¥ + yPet  2xe¥ + 2ye”

H(h) = 2xeY 4 2ye”  x’eY + 2e”
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5. Find the gradient and the Hessian of
F (2, 2) = 2Pye + In(zyz) :
Gradient:
For the function f(z,y, z), the gradient is defined as:

Vf(r,y,2)=

YIS

Computing the components:

1. The partial derivative with respect to x:

of 90 , 5, B .1
8_x_8_x(x ye +1n(:cyz))—2xye +;

2. The partial derivative with respect to y:

af o0 , , 5 1
— = — (z7ye” + In(zyz)) = x€” + —
oy =~ oy Y (2y2)) "

3. The partial derivative with respect to z:

af_a 2z 2z 1
g—a(x ye* +1In(zyz)) = z’ye +;

Thus, the gradient is:

2rye” + %
Vi(z,y,z) = | ae —I—i
r2ye” + %

Hessian:

The Hessian matrix of f(x,y, z) is denoted as:

_ |©o2f &f 2*f
H(f)_ Oyox 8_3; oYz

020 020y 022

108



9.4. Solutions Practical Exercises Gradients and Hessian:

a) % : 2
% (nye’Z + In(zyz)) = 2ye” — %

b) 7,

aj;y (z*ye” + In(zyz)) = 2xe®
c) aa;gz ,

5 (ZEQyGZ + 1n(a:yz)) = 2xye”
9 s

852:6 (z°ye® + In(zyz)) = 2z€®
e) giy];

8_;2 (z%ye* + In(xyz)) = —%
f) aajgz :

8522 (z*ye” + In(zyz)) = 2%¢*
8) 2

85856 (:czyez + ln(ajyz)) = 2xye”
h) gziafy :

8z;y (z°ye” + In(zyz)) = z’€¢*
i) % ; 2

9.2 (x2yez + In(zyz)) = z2ye’

Thus, the Hessian matrix is:

2ye* — % 2xe” 2xye*

H(f)= 2xe” —# x2e”

2rye”  x?e” xlye’
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6. Gradient and Hessian of
g(z,y,z) = xe™* + zIn(zy) :
Gradient: The gradient of g is:

Vg= |5

Computing the partial derivatives:

dg .
a) % . ;
xyz_|_zy€myz_|_
T
dg .
b) 2
rzetV* 4 z
Yy
dg .
C) & .

rye™* 4+ In(zy)

Hessian: The Hessian matrix H(g) is

Hig)= |58 58 33

Computing the entries:

yQZexyz + % etyr 1 yze
_ eryz TYz TYZ Z
= ze xrze
H(g) +y ) + 5
eTY? | yze:cyz 41 1 rety?
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Chapter 10

Regression - Coding Exercises

10.1 Univariable Linear Regression:

Objective: Using the provided dataset, your task is to predict
the number of bees given the floral density.

No. ‘ Number of Flowers ‘ Bee Count ‘

1 150 30
2 250 48
3 100 2
4 300 60
) 180 36
6 320 65
7 200 42
8 275 54
9 230 45
10 350 70

This table indicates that as the number of flowers in an area
increases, the number of bees observed also tends to increase. With
such a dataset, you can apply linear regression to predict the bee
count based on the number of flowers in an area.

1. Plot: Visualise the Number of flowers vs bees count with a
plot.

2. Linear Regression: Implement a simple linear regression
model using Gradient Descent (GD) to optimize the parame-
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ters. Fit this model to predict the bees based on the number
of flowers. Calculate the Mean Squared Error (MSE) for your
model on the dataset.

Data Transformation: To account for possible non-linear
relationships or to stabilize variance, transform both the num-
ber of flowers and bees data using the natural logarithm (In).
Re-plot the data to visualize the transformed relationship.

Linear Regression on Transformed Data: Using the log-
transformed data, fit a new linear regression model optimized
with GD. Does the line fit better after the transformation?
Compare the MSE for this model with the previous one.

Interpretation: Analyze and interpret the coefficients of the
regression models from steps 1 and 3. How do they differ,
and what might these differences imply about the relationship
between advertising budget and sales?

10.2 Multivariate Linear Regression:

Objective: Using the extended dataset, predict the bees count
based on the number of flowers and the average temperature.

No. Number of Flowers Average Temperature (°C) Bee Count |

1 150 20 30
2 250 23 48
3 100 18 22
4 300 25 60
5 180 21 36
6 320 26 65
7 200 22 42
8 275 24 54
9 230 23 45
10 350 27 70

1. Linear Regression on Transformed Data: Fit a new mul-

tivariate linear regression model to the log-transformed data,
optimized with Gradient Descent.
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2. Interpretation: Analyze and interpret the coefficients of the
regression model. How does the inclusion of the average tem-
perature influence the relationship between the number of flow-
ers and the bee count?

10.3 Polynomial Regression:

Objective: Using the provided dataset, your task is to predict
the bee foraging activity based on the nectar sugar concentration of
flowers in a particular area.

No. Nectar Sugar Concentration (%) Bee Count

1 10 20
2 12 25
3 14 30
4 15 32
5 16 35
6 18 42
7 19 46
8 20 50
9 21 93
10 23 60

1. Data Visualization: Plot the data points using a scatter
plot. Based on the visual pattern, suggest a function that can
represent the relationship between room sugar concentration
and the bee count.

2. Linear Regression: Despite the observed trend, attempt to
fit a linear regression model to the log scaled data using Gra-
dient Descent. Calculate the Mean Squared Error (MSE) for
your model.

3. Polynomial Regression: Considering the suggested func-
tion from the first step, implement a polynomial regression
model with the Newton’s method. Specifically, use a quadratic
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term (square of nectar sugar concentration). Calculate the
MSE for this model and compare it with the linear model and
scaled the data with the log.

4. Model Interpretation: Analyze the polynomial regression
model. Discuss the importance and contribution of the quadratic
term in modeling the relationship. How does it improve the
fit compared to the linear model?
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Multivariate Critical Points:

11.1 Practical Exercises:

1. Find the critical points of the function f(z,y) = 2? + y* and
determine their nature.

2. For the function g(z,y) = —2% — y* + 4wy, find the critical
points and classify them.

3. Determine the critical points and their nature for the function
h(z,y) = 23 — 3zy + 9>,

4. Analyze the critical points of the function j(z,vy,z) = %y —
TYz + sz.

5. Consider the function:

f(z,y) = 2* + 2y* + 22y — 62
Initial Parameters: (zg,y0) = (1,1)

a) Compute the gradient of f.

b) Starting from (zg,yo), implement 3 iterations of the gra-
dient descent algorithm with a learning rate a = 0.1.
Record the updated values of (z,vy).

c¢) Using Newton’s method and starting from (g, 39), imple-
ment 3 iterations. Record the updated values of (x,y).
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11.2 Solutions Practical Exercises:

1. For the function f(x,y) = =2 + y*
Partial Derivative with respect to x:

of

9
ox o

Partial Derivative with respect to y:

of
— =2
0y Y
The gradient:
2x
V= [22/]

Set each component to zero and solve for x and y:
20=0=2=0 and 2y=0=y=0

There is one critical point at (0,0).

To determine the nature of the critical point, evaluate the
Hessian matrix:

HH = o o)

The Hessian is positive definite (both eigenvalues are positive),
so (0,0) is a local minimum.

2. For the function g(z,y) = —x% — y? + 4zy:

Partial Derivative with respect to x:

dg
—_ = -2 4
I T+ 4y

Partial Derivative with respect to y:

dg
= _2y+4
oy Yy + 4x
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11.2. Solutions Practical Exercises:

The gradient:
Vg = [

Setting each component to zero gives:

—2x + 4y
—2y +4x

—2r+4y=0 and —2y+4+4r=0

Solving, we find one critical point at (0, 0).

The Hessian matrix:
-2 4
ORI

The eigenvalues of the Hessian matrix are —6 and 2, one pos-
itive and one negative, indicating a saddle point at (0, 0).

3. For the function h(z,y) = z° — 3zy + y*:

Partial Derivative with respect to x:

Oh
— =32 -3
ox v 4

Partial Derivative with respect to y:

oh

— = —3x + 3y*
9y T+ oy
The gradient:
322 — 3y
Vh= [—Sx + 3y2]

Setting each component to zero gives:

322 —3y=0 and —3x+32=0
Solving, we find two critical points: (0,0) and (1,1).
The Hessian matrix:

H0 =% )

Evaluating the Hessian matrix at (0, 0) gives a matrix with zero
eigenvalues, indicating a saddle point. At (1,1), the Hessian
matrix has positive eigenvalues, indicating a local minimum.

117



Chapter 11. Multivariate Critical Points:

4. For the function j(x,vy, 2) = ¢y — zyz + y3z:

Partial Derivative with respect to x:
9j

=L = Qg —
oL rYy — Yz

Partial Derivative with respect to y:

i
—]:x2—5m+2yz
dy

Partial Derivative with respect to z:

dj 2

The gradient:
20y — Yz
Vi= |22 —x2z+2yz
—xy +y*

Setting each component to zero and solving the resulting sys-
tem of equations will yield the critical points.

20y —yz=0 = y=0, x:g

v? — x4+ 2z =0
—:z:y+y2:0 = y=0, z=y

we find one critical point at (0,0, 0).
The Hessian matrix:

2y 2 — 2 —
H(j) = |22 — 2 2z —x + 2y
-y  —xr+2y 0

Evaluating the Hessian matrix at (0,0,0) gives a matrix with
zero eigenvalues, indicating a saddle point.

5. For the function f(x,y) = 2 + 2y? + 2zy — 6x:

Initial Parameters: (zg,y9) = (1,1)
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The gradient vector of f is:

of of
== =] =(2 2y — 6.4 2
Vf(z,y) <ax’6y) (22 + 2y — 6,4y + 22)
Gradient Descent Iterations

Using the learning rate oo = 0.1:

1st Iteration
Gradient at (1,1): Vf(1,1) = (—2,6)
Update equations:

I1=SUO—04-(—2)=1+0.2=1.2
Yy1=y—a-6=1-06=04

2nd Iteration
Gradient at (1.2,0.4): Vf(1.2,0.4) = (—2.8,4.0)
Update equations:

To=x1 —a-(—28)=12+0.28 =148
Y=y —a-40=04-04=0

3rd Iteration
Gradient at (1.48,0): V f(1.48,0) = (—3.04,2.96)
Update equations:

vy =2y — - (—3.04) = 1.48 4 0.304 = 1.784
ys = 1o — - 2.96 = 0 — 0.296 = —0.296

Newton’s Method Iterations

The Hessian matrix H and its inverse are:

(22 o[ -1
ol R

N

1st Iteration
Starting from (x,y0) = (1, 1),
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Gradient at (1,1): Vf(1,1) = (—2,6)
Update equation:

zy| (L |1 —3||-2|_1|6
i 1 -1 1116 -3
(Note: Subsequent iterations using Newton’s Method do not

change the point (x,y) from (6, —3), suggesting that it might
have reached a stationary point.)

D=

11.3 Coding Exercises:

Given the function:
Floy) = (15— 2 +2y)* + (225 — 2 + 29®)” + (2,625 — 2 + 29®)”

Complete the following exercises:

1. Plotting the Function

e Create a 3D plot of the function in the range x,y €
[—5,5]. Visualize the regions where the function has its
minima and maxima.

2. Gradient Descent Implementation

e Implement the gradient descent algorithm for the func-
tion f. Define a suitable learning rate and initialize a
starting point. Iterate until convergence and plot the
path taken to reach the minimum on the 3D plot.

3. Newton’s Method Implementation

e Implement the Newton-Raphson method for the function
f. Initialize a starting point. Iterate until convergence.
Compare the number of iterations it takes to converge
using the Newton’s method versus the Gradient Descent.
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4. Exploring Learning Rates

e Using gradient descent, explore how different learning
rates (e.g., 0.0001, 0.0005, 0.001 and 0.01) affect the speed
of convergence and the final result. Visualize the paths
taken for each learning rate on the 3D plot.

5. Convergence Criteria

e Implement a version of the gradient descent algorithm
with an adaptive learning rate. The algorithm should
reduce the learning rate if the function value does not
decrease by a certain threshold in subsequent iterations.
Analyze its performance in comparison with the standard
gradient descent.
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Multivariate integrals

Compute the following integrals

12.1 Practical Exercises:

1. f02 f01(3x2 + 2zy) dy dx.

2. [y [y sin(z 4+ y) dy dz.

w

: fOI fol fol xyzdzdydx.

4. f02 fol(xz + cosy) dy dx.

ot

P Ty dy da.

D

: f02 f02 fOQ(x2y+ 2?)dz dy dx.

12.2 Solutions Practical Exercises:

1. foz f01(3ar;2 + 2zy) dy dx :



12.2. Solutions Practical Exercises:

Inner Integral (with respect to y):
1 1 1
/ (322 4 22y) dy = 3:1:2/ dy + 295/ y dy
0 0 0
=32% + 1
Outer Integral (with respect to z):

2 2 2
/(3x2+x) da::/ 3x2d:c+/ x dz
0 0 0

—8+2
=10

Result: Hence, the value of the double integral is 10.

2. [o [3sin(z + y) dy dx :

Step 1: First, compute the inner integral with respect to y.

/OW sin(z + y) dy = [—cos(z + y)]5

= —cos(x + m) + cos(z)

= 2cos(x)

Step 2: Compute the outer integral with respect to x.

/W 2 cos(x) dx = [2sin(x)]y
0

= 2sin(m) — 2sin(0)
—0

Hence, the value of the double integral is:

//sin(ery)dydx:O
o Jo
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3. fol fol fol ryzdzdydz :

Step 1: Compute the innermost integral with respect to z.

1 271
/ ryzdz = [:J:yz }
0 2 Jo

Hence, the value of the triple integral is:

1 1 pl 1
/ / / xyzdzdydr = -
o Jo Jo 8

4. f02 fol (22 + cosy) dy dx :
Step 1: Compute the inner integral with respect to y.
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12.2. Solutions Practical Exercises:

/o (2* 4 cosy) dy = [2*y + sin y](l)
= 2%(1) +sin(1) — 2*(0) — sin(0)
= 2° +sin(1)

Step 2: Compute the outer integral with respect to x.

2 3 2
/ (z* +sin(1)) dz = [— + SL‘Sin(l)]
0 3 0
3 3
_ % 4 2sin(1) — % — Osin(1)

= g + 25sin(1)

Hence, the value of the double integral is:

2 1
/ / (2% + cosy) dy dv = g + 25sin(1)
0 Jo

3 (3
] oV F+ydydx:
Step 1: compute the inner integral with respect to y using
the substitution z = x + y, which implies dy = dz. We find
that

X

(22)2

Wl N

9 z+3 9

3 +3
/ Vr+ydy = Vzdz = lgz

2x 2x

Step 2: compute the outer integral with respect to x:

/13 @(x +3)8 = §(2x)

The final result is approximately 4.2953.

Njw
[SJ[e]

) dr ~ 4.2953
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6. [0 2 [Py + 22) dz dy dx :

Step 1: Compute the innermost integral with respect to z.

2 5372
/ (z%y 4 2%) dz = [azzyz + —]
0 3 1o

8
= 2%y + =
xy+3

Step 2: Compute the middle integral with respect to y.

2 2
8 8
/ (22%y + =) dy = [x2y2 + _y]
0 3 3 Jo

16
= 4?4+ —
:L‘—|—3

Step 3: Compute the outermost integral with respect to x.

2

2 16 423 162
4 + Ndor = | — + —
/O(x+3)x [3+3]0

Thus, the value of the triple integral is:

2 2 2 64
/ / / (¢%y + 2%) dzdy de = —
0 0 0 3
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Chapter 13

Neural Networks

13.1 Scalar Functions:

Predict whether a flower will be visited by a bee based on its size
and nectar sugar concentration.

No. Flower Size (cm) Nectar Sugar (%) | Visited by Bee
- 35 1 10 = |  No |

1 3.5 0
2 4.2 15 Yes
3 2.8 5 No
4 5.0 20 Yes
5 3.7 12 No
6 4.5 18 Yes
7 3.2 11 No
8 4.8 19 Yes
9 3.0 10 No
10 4.7 22 Yes

Table 13.1: Dataset predicting whether a flower will be visited by a bee based on its
size and nectar sugar concentration.

13.1.1 Coding Exercises:

1. Implement a neural network to predict loan approval using the
following specifications:
e A single neuron in the hidden layer.
e Utilize the cross-entropy loss function.

e Employ the sigmoid function as the activation function.
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2. Preprocess the data by normalizing it using min-max scaling.
Then, retrain your neural network using the scaled data. Ob-
serve and describe any changes in the model’s performance.

3. Experiment with various activation functions on the scaled
data. Determine and justify the optimal configuration based
on your results.

4. Transition from the previous optimization method to using
RMSprop. Analyze how this change affects the training dy-
namics and the model’s final performance.

5. Enhance the model’s complexity by adding a second hidden
layer and train the networks with RMSprop.

13.2 Vector Functions:

No. Flower Size (cm) ‘ Nectar Sugar Concentration (%) Flower Color Intensity ‘ Bee Visits Time Spent (seconds)

1 3.5 10 5 8 45
2 4.2 15 7 10 50
3 2.8 5 4 5 30
4 5.0 20 9 15 60
5 3.7 12 6 9 42
6 4.5 18 8 13 55
7 3.2 11 5 7 38
8 4.8 19 8 14 58
9 3.0 10 4 6 35
10 4.7 22 9 16 65

Table 13.2: Caption for the table.

13.2.1 Coding Exercises:

1. Implement a neural network capable of predicting both the
loan approval status and the offered interest rate, adhering to
the specifications below:

e Two neurons in the hidden layer.

e Mean Squared Error (MSE) as the loss function.

e Use the Momentum optimization algorithm.
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e Preprocess the data by normalizing it using min-max scal-
ing.

2. Replicate the previous neural network model, but substitute
the Momentum optimization algorithm with the ADAM opti-
mization method. Analyse any notable differences in perfor-
mance or behavior.
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